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opC?F29=A?9=<?G?C?@;8�<?CIH!A?@BJ0<?9=<?C!K	q
r�*eO4(+U�h]f[S0*4QBNBh](['�N�MB./U[T/*eO4NB(+*Z�+P;U[NB(+U�QBN6YX'[UZs[NBP]'XS/h](&Oe*�U[MBN/O4f=')(�M/UZO4./*-,0O4(Zf+UZctg�^;QBPBTBNBh�N]S/N

Q0'[sZU[.uU[(Rg�^;QBPBTBNBN!_v��.BNu(+U[f='wU[(2Q0')xta�UZs[y�NzMB.BNBQBTBNBMBNuM/U[QBh]P;U[l4'ROe*VM/U)S/^;{0')f=')(5U[MB./*-,0*-S0*4QBN
YX')fZN/O4N/c�UZO4(ZN|c�*4}6,/^pfZ~LMB./UZO4QBNB(+*vg�^;QBPBTBNBNzNtQBh]P;U[N|U[(w(+*-\]QBNB(+*VMB./U[NBYef+Ue,/QBN!_���*VQ0')M/UZc`QBN/c
�
{/*�MB./U[NBYef+Ue,/Q0')([')(['6Q0'�,�'X,0*4Q0'�g�^;QBPBTBNBhVMB./*-,0O4([')f[S/h]f='�O4P;U[./UZO4(Z(['�Q0'�MB./U[T/*eO�']�=P;U[xB(+U6U[MBN/O4f='[c�*Z_

� q��p��./U[T/*eO4NB(+*Z�!P;U[NB(+UwU[MBN/O4f='[c�*Vc�U[l4')(�,�'�s[~�,�')(2U[(�Q0')x5a
.0')Y4S/NB{/*4Qt(ZNBM!_���*4P]'�Q0')MB.BN/c�*4.
f(t)
*�s[./U�h�Q0'RNBQ],/NBfZN],/NB(+*2U[(5,�'X,0*4Q0'5M/U[MB^XS�')TBNBhL�#P;U[NB(+UtO�'RYX').0')Y�*4QBN�U[(pP;U[QBPB./*4(ZQ0'zsZU)S0*eO4()_

%�O4Q/U�*Z�X{/*�O4P;U[./UZO4(Z([']�+O	P;U�h](+U�Oe*	.0')YeMB./UZO4(Z.0')QBh]f='�YX'[sZU)S/h]f=')Q/*4(+U�*	(+U)S/P;U[f='WM/U
a�l�U)S/hBc	']�[P;U)S/P;U[(+U
M/U[f+*4{/*VO�'vYX').0')Y�U[Q/UZO4NB(+*-S/NB(+*5��()_ *Z_&a
YX'[sZU)S0*-S/NB(+*Vfwc�UZc�*4QB(['

t � _6
�,/.B^;leN5,/^]c`N!���+�-�/�/�]�4�e�V�)�)�6��)�[� �-�0���/�����[���)�/�����/�/�)� � �/�/�wQ0'5O4P;U[./UZO4(Z(['pQ0'R.0')YeMB./UZO4(Z.0')Q/*4QBN/*wQ0'RYX'[sZU)S/h]f=')Q/*4(+UB_u��~Lx�P]')(+UO4P;U[./UZO4(Z(['zQ0'5f+Oe*4PBN�MB./U[T/*eO2*�MB./U[NBYef+Ue,/Q0')(['uQ0'tg�^;QBPBTBNBh]([']�#P;U�h](+Uzl�UzU[MBN/O4f=']��(+Uzc�U�}�*ec ,�'
YX')MBNB�6*ecEl�U[.BQ/U[(+UV.0')Y�O4~L}6,0*4QBN/*�([')P]'] 
¡�¢?£ �/¤

f ′(t) = λf(t),

PB~�,0*4(+U
λ
*zQBh]P]')PB~Lf¥P;UZ*eg�NBTBN/*4QB(¥Q0'EMB./U[M/U[.BTBN/U[Q0'XS/Q/UZO4()_¦�WP]')Yef='�Oe*Z��{/*tS0*eO4Q/U�c�U�}�*ec§,�'

U[(ZPB.BN/*ec¨U[(�P]')PB~LfE(ZNBM©*pg�^;QBPBTBNBh](['
f
_��&')N/O4(ZNBQ0']��,�'uM/U)S0U�}VN/c

g(t) = f(t)e−λt _��dU[l4')f='
g′(t) = f ′(t)e−λt + f(t)

(

e−λt
)′ N¥U[( ¡�¢?£ �/¤ M/U)S/^;{0')f='[c�*

g′(t) = λf(t)e−λt − f(t)λe−λt ≡ 0
_

�W(2UZO4Q/U[fZQ0')(['2(+*eU[./*ec	'�Q0'�NBQB(+*4le.0'XS/Q/U[(+UROec`h]([')Q/*vO-S0*-,/f=']�d{/*
g
*6P;U[Q/O4([')QB([']ª�()_ *Z_

g(x) = c
YX'

QBh]P;UZ*�{BN/O-S0U
c
N��)�¬«/�+�

x
��P;U[l4')(+U

x
U[MBN/O4f='vQBh]P;U[xpNBQB(+*4.Bf='XSd_&$�Q0'e{BN

f(t)e−λt = c
NpO4~�U[(Zf+*4(ZQ/U

f(t) = ceλt _�dU[f='�*�YX'[sZ*-S0*4}VNB(+*-S/Q/UB�=YX')y6U[(+U&U[(&O4~Lf+Oe*ecz*-S0*ec�*4QB([').BQBNvMB./*-,/M/UZO4([')fZPBNv^+O4MBh;\Bc�*�,�'�U[(ZPB.BN/*ec
')Q0'XS/NB(ZNB{BQ0')(['vYX')P;U[Q/UZc�*4.BQ/UZO4()��Q0'6P;U�h](+U�Oe*&M/Ue,/{BNBQBh]f='5��M/U[Q/*&fmQ0'e{0'XS0U[(+U�O4N � f+O�h]P]'v*4MBN],0*ec`NBhL_��U[Q/O4([')QB(ZNB(+*

c
N

λ
Oe*�U[MB./*-,0*-S/h](�U[(VP;U[QBPB./*4(ZQBNB(+*�O4f+U[x/O4(Zf='VQ0'6MB./U[T/*eO�']_

� q � ��.0')fZQ/*4QBN/*4(+U ¡�¢?£ �/¤ Oe*zQ0').BNB{0'®­)�0¯	�°���4�/�/� � �/�/�E±4� � �)�0�4�/�0����"�� � _W��*eO4(Z./U[l�U�P]')YX')Q/UB�­)�0¯	�°���4�/�/� � �/�/��±4� � �)�0�4�/�0�mOe*6Q0').BNB{0'�f+O�h]P;Uw.0')f+*4Q/O4(Zf+UB�!P;UZ*4(+U2O4~�,/~L.=}6'wQ/*4NBYef+*eO4(ZQ0'wg�^;QBPBTBNBhNwQ/*4xBQBNB(+*&MB./U[NBYef+Ue,/QBN!_
��U�Q0')MB.BN/c�*4.z^;.0')fZQ/*4QBN/*4(+U

f ′(t) = f(f(t))
�0�V�6,/N/g&*4./*4QBTBN0'XS/Q/U�^;.0')fZQ/*4QBN/*Zª?s[Nts[N]S/NtM/Uva

MB.0')fZN]S/Q/UV,�'6Oe*�P]')}�*Z�/{/*�(+Um*V¯�±+�/�+�/�/�)� � �/�/�m²�­)�0¯	�°���4�/�/� � �/�/��^;.0')fZQ/*4QBN/*Z_��(+U[YeNv.0')Y4,0*-S�y6*
M/U[P]')}�*ec|P]')P�Oe*�./*4�V')f=')(�^;.0')fZQ/*4QBNBh�U[(�QBh]P;U)S/P;U�P;U[QBPB./*4(ZQBN�fZN],�']�=P;U[NB(+U
O�'6U[(mYeQ0'e{/*4QBN/*&YX'6PB^;./O�'�M/Umc�*-\;')QBNBP]']_
��([')YeN�fZ.B~LYeP]'6y6*�U[(+sZ*-S0*4}VN/c
�B{/*�./*4�V')f=')Q/*4(+U6Q0'�Q0')x�a`MB./UZO4(ZNBh�(ZNBM�^;.0')fZQ/*4QBNBhL 

y′ = f(x)Oe*WQ0').BNB{0'v�[���4�´³W«/� � �0��� � �0�4�)�[���4­[���0�4���/�/�V�eµ¶� � �0_��&')PB(+U�YeQ0'[*ec
�;(+U[f='&^;.0')fZQ/*4QBN/*�N/c	'�sZ*4Y�s[./U[xc`Q/U[l�UV./*4�6*4QBNBhL_
� q � q��&��~LY�c�U�}VQ/UW*`{BNB([')(+*-S/h](�,�'�Q/*�Ue,0UZs[.BN�1-NBYePB^+O4(Zf+*4QBNBh!1�M/Ue\]f=')(�O`P;U[xB(+U�./*4��N]\Bc�*`l�U[.BQ0')(['

YX'X,�'e{0']_��&')N/O4(ZNBQ0']��Q/*�sZ*4�6*6UZs�hBO4Q/*4Q/U�P]')P5,�'vOe*�,0UZOe*4yV'[c�*�YX'vc�*4(+Ue,�']��M/UvP;U[xB(+U�,�'m./*4�V')f='[c�*
^;.0')fZQ/*4QBNBhmU[(&(ZNBM0' ¡�¢?£ �/¤ _`�d*WUZs+'e{/*WO�'�(ZNBMBNB{BQBNvYX'�(+*eU[.BNBh](['&Q0'W,/N/g&*4./*4QBTBN0'XS/QBNB(+*W^;.0')fZQ/*4QBNBhL�
P;U�h](+UmO4N�N/c	'�N2O4M/*4TBN/g�NB{BQ0'�(+*4./c`NBQ/U)S0U[leNBhL_#�?')P]'6Q0')MB.BN/c�*4.2./*4�6*4QBN/*4(+UVQ0'�,�'X,0*4Q/U6^;.0')fZQ/*4QBN/*
{/*eO4(+U�Oe*#Q0').BNB{0'�Q/*4l�U[f��/�/�V�eµ¶� � �0�)MB~L.Bf+UB�[YX')y6U[(+UW./*4�V')f=')Q/*4(+U�Q0'
,/N/g&*4./*4QBTBN0'XS/QBN6^;.0')fZQ/*4QBNBh�O4N*
UZsZUZs[y6*4QBN/*�Q0'W,0*4x/O4(ZfZN/*4(+U&NBQB(+*4le.BNB.0')Q/*�N6fZ(+U[./UB�+YX')y6U[(+U�./*4�6*4QBNBh](['�{/*eO4(+U�Oe*�M/U)S/^;{0')f=')(&P]')(+U
./*4Ye^XS/([')(wU[(�NBQB(+*4le.BNB.0')Q/*4(+U�Q0'm.0')Y4S/NB{BQBNzg�^;QBPBTBNBN!_���U[QBh]P;U[l4'�Oe*�P]')Yef='�O4~Ly6UB��{/*�*�M/U)S/^;{/*4Q/U
M/UZO4./*-,0O4(Zf+UZc·�=� � ­�� � �6±4���0_
� q � q � �W(w,/.B^;l4']�`O4(Z.0')Q0'2YX'�,�'2U[MBNB�6*ec®O4~LfZPB^;MBQ/UZO4(Z(['2Q0'z�)�e�/�;�+�R���4¸V�4�/�;«|Q0'�,�'X,0*4Q/U�"��

*�,0UZO4([')(Z~={BQ/Uz,�'pNBYeM/U)S/Yef='[c�*RUZO4Q/U[fZQ0')(['z(+*eU[./*ec	'pQ0'pNBQB(+*4le.0'XS/Q/U[(+U|Oec`h]([')Q/*Z_���(+UzU[y6*w*-,/NBQ
P;U[QBPB./*4(+*4QRMB.BN/c�*4.!_
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� q � qº¹v"6'�.0')Yel�S0*-,�'[c�*�^;.0')fZQ/*4QBN/*4(+U

¡�»e¼ ¤
y′(x) = f(y(x))g(x).

�dUmc�U�}�*�,�'Vs[~�,0*�./*4�6*4Q/UVM/UVO-S0*-,/QBNBhwQ0'e{BNBQ!_`"6'6U[YeQ0'e{BN/c�O
F (y)

QBh]P;U�hRUZs[yV'�MB.BN/c`NB(ZNBfZQ0'VQ0'
g�^;QBPBTBNBh]([' 1

f(y)

_�
|,/.B^;leNV,/^]c`N!�
F
*
Q/*4MB./*4PB~!O4Q0')(['�N

F ′(y) = 1
f(y)

YX'�f+O4NB{BPBN�UZO4f+*4Qv*4f+*4QB(Z^='XS/Q/U
PB.0'[*4Q�s[./U[xEO4(+U[xBQ/UZO4(ZN�Q0'

y
_R��*4P]'5UZO4f+*4Q|(+U[f='

G(x)
*w���§Q0'

g(x)
_z
�*4l4'2,�'RU[(+sZ*-S0*4}VN/c
��{/*

')P;U
y(x)

*m./*4�6*4QBN/*�Q0' ¡�»e¼ ¤ N
H(x) = F (y(x))

��(+U
H ′(x) = G′(x)

_p
	S0*-,0U[f=')(+*-S/Q/UpYX'2QBh]P;U�h
P;U[Q/O4([')QB(['

c
*�NBYeMB~�S/Q/*4Q/U

F (y) = H(x) + c
_��W(v(Z^;PRc�U�}�*ecI,�'VQ0'[c�*4.BN/c�./*4�6*4QBN/*4(+U

y(x)
P]')(+U

U[(ZPB.BN/*ecIUZs[.0')(ZQ0')(['vg�^;QBPBTBNBh�Q0'
F
fV(+*4YeN2NBQB(+*4.Bf='XS/N!�/fVP;U[NB(+Um(+U[f='V*�fZ~LY�c�U�}VQ/UB_

�;U[.BQBNB(+*�.0')Y�O4~L}6,0*4QBNBhw^;YX')P;U[QBh]f=')(mO-S0*-,/QBNB(+*�,0*4x/O4(ZfZNBh�YX'�./*4�V')f=')Q/*4(+UVQ0' ¡�»e¼ ¤ _	$L')MBN/O4f='[c�*
¡�»e¼ ¤ M/UpO-S0*-,/QBNBh|Q0'e{BNBQ!  dy

dx
= f(y)g(x)

N|l�UR.0')Y4,0*-S/hBc�*�Q0' f(y)
dx

_p��U)S/^;{0')f='5Oe*v.0')f+*4Q/O4(Zf+U[(+U
dy

f(y) = g(x) dx
�	P;UZ*4(+UtO-S0*-,E(+U[f='RNBQB(+*4le.BNB.0'[c�*Z_z�dU[l4')f='p./*4�6*4QBN/*4(+UpOe*�YX')MBN/O4f='5O�PBf='X,/.0')(Z^;.BN

∫

dy
f(y) =

∫

g(x) dx + c
_���(+UVQBh]P;U)S/P;UvMB.BN/c�*4.0'] 

� q � q�½ ¡ @ ¤ �?*4�6*4(+*&^;.0')fZQ/*4QBN/*4(+UB 
y′(x) = − tg x tg y

_
¾�9=¿t9=<?C?9/À
$L')MBN/O4f='[c�*�^;.0')fZQ/*4QBN/*4(+U&M/U&O-S0*-,/QBNBhmQ0'e{BNBQ dy

tg y
= − tg x dx

ª
ctg y dy = − tg x dxNwO-S0*-,R(+U[f='�NBQB(+*4le.BNB.0'[c�*Z  ∫ cos y

sin y
dy = −

∫

sinx
cos x

dx
_	��Q0'[O�hBc�*�f6,/N/g&*4./*4QBTBN0'XS/NB(+*

cos y
N

sinx
N

M/U)S/^;{0')f='[c�* ∫

1
sin y

d sin y =
∫

1
cos x

d cos x + C
ª
ln | sin y| = ln | cos x| + C

_&
�*4l4'v,�'vU[(+sZ*-S0*4}VN/c
�
{/*��)�¬«/�+���;�/�´�/��c�U�}�*W,�'�s[~�,0*�YX')MBN/O�')Q/U�P]')(+U�S0U[l4').BNB(Z~!cEU[(�QBh]P;UZ*�,/.B^;l�U�{BN/O-S0UB_#$�Q0'e{BN�f+c�*eO4(+U
P;U[Q/O4([')QB([')(['

C
c�U�}�*ec�,�'�Q0')MBNB�6*ec

ln c
_V�dU[l4')f='wM/U)S/^;{0')f='[c�*

ln | sin y| = ln c| cos x|
ª
| sin y| =

c| cos x|
N

y(x) = ± arcsin(c cos x)
_

�?*4�6*4(+*&M/UVO4~Ly�NBhwQ0'e{BNBQ2^;.0')fZQ/*4QBNBh](['] 
¡�Á ¤ dy

dx
= −x 1+y2

1+x2

ª
¡ J ¤

y′ = yex

1+ex

N
¡�Â ¤

(1 + y2) dx − (2y +
√

1 + y2)(1 + x2)
3

2 dy = 0
_

� qº¹IÃRC?<?9=Ä?<?C®D	C?F29=A?9=<?G?C?@;8�<?C�H!A?@BJ0<?9=<?C!K�Å0>�Æ?Ç#A?J0C A?9[D���O�h]P;U5([')P;U[f='R^;.0')fZQ/*4QBN/*
N/c	'6fZN],�'
¡´È�¢?£ZÉ �/¤

y′(x) + a(x)y(x) = b(x).

��*uMB./*4M/U)S�')l4'[c�*Z�V{/*|g�^;QBPBTBNBNB(+*
a
N

b
O�'If¥Q0'IawUZs[y�NBh�O-S/^;{0')x�M/U�{0'[O4(ZN c�U[Q/U[(+U[QBQBN!�V'

./*4�6*4QBN/*4(+U
y Ê UZsZUZs[y6*4Q0'tMB.BN/c`NB(ZNBfZQ0']_¥�dUZ*eO4(u.0')f+*4Q/O4(Zf+U[(+U ¡´È�¢?£ZÉ �/¤ *wNBYeMB~�S/Q/*4Q/UzYX'pf+O4NB{BPBNUZO4f+*4Q�*4f+*4QB(Z^='XS/Q/U�PB.0'[*4Q�s[./U[x�O4(+U[xBQ/UZO4(ZN�Q0'

x
_?35U�}�*�,�'&Oe*
P]')}�*Z�;{/*Wc`Q/U�}�*eO4(Zf+U[(+U6U[(�./*4�6*4QBNBh

Q0'm,�'X,0*4Q/U�,/N/g&*4./*4QBTBN0'XS/Q/U�^;.0')fZQ/*4QBN/*mOe*�M/U)S/^;{0')f='�P]')(+U2O-S0*-,0O4(ZfZN/*mU[(wUZO4Q/U[fZQ0')(['�(+*eU[./*ec	'�Q0'
NBQB(+*4le.0'XS/Q/U[(+UvOec`h]([')Q/*Z_
��.0')fZQ/*4QBN/*4(+U ¡´È�¢?£ZÉ �/¤ Oe*�Q0').BNB{0'WS/NBQ/*4xBQ/U�,/N/g&*4./*4QBTBN0'XS/Q/U�^;.0')fZQ/*4QBN/*
U[(�MB~L.BfZNV./*-,d�ZYX')y6U[(+U

f�Q/*4l�U�MB./U[NBYef+Ue,/Q0')(['
y′
Q0'&(Z~L./Oe*4Q0')(['Vg�^;QBPBTBNBh

y′
*�S/NBQ/*4xBQ0'6g�^;QBPBTBNBhvM/U�U[(ZQ/U[�6*4QBN/*�Q0'

y
_	$L'

,�'R./*4��N/c ¡´È�¢?£ZÉ �/¤ MB~L.Bf+U5MB./*-,/M/U)S�')l4'[c�*Z��{/*
b = 0

_t�dU[l4')f=' ¡´È�¢?£ZÉ �/¤ *�U[(5fZN],�'
y′ = −a(x)y

_
�dU[f='�^;.0')fZQ/*4QBN/*WOe*
./*4�V')f='�M/U�Q0'e{BNBQ!�=P;U[xB(+U&MB.BN]S/NB{0'�Q0'�.0')Yel�S0*-,�')QBNB(+*�M/U�adl�U[./*
.0')Y�O4~L}6,0*4QBNBhL_
��c�*4QBQ/URM/U)S�')l4'[c�*

g(x) = y(x)eA(x) �dPB~�,0*4(+U A(x)
*Ë�;«/�+�e«E�[���;³��/�6�0�)� � ��N]S/NE��� � Q0' a

_R

,/.B^;leN�,/^]c`N

A(x) =
∫

a(x) dx
_	��U6a	Q0')([')(Z~LPRMB./*eOec`h](['[c�*

g′(x) = y′(x)eA(x) + y(x)
(

eA(x)
)′

;

NuO-S0*-,|(+U[f='�M/UZO-S0*-,0U[f=')(+*-S/Q/U
g′ = y′eA + y(A)′eA Nz(Z~LxuP]')(+U y′ = −ay

N
A′ = a

�!(+U
g(x) =

−ayeA + yaeA ≡ 0
_�
	S0*-,0U[f=')(+*-S/Q/U

g Ê P;U[Q/O4([')QB([']  g(x) = c
YX'vf+O�h]P;U

x
_��W(�(Z^;PpM/U)S/^;{0')f='[c�*Z�

Ì



{/*
y(x)eA(x) = c

ª
y(x) = ce−A(x) �LPB~�,0*4(+U A

*6QBh]P;U�hpMB.BN/c`NB(ZNBfZQ0'wQ0'
a
_V
·,/.B^;leNp,/^]c`Ntf+O�h]P;U

./*4�6*4QBN/*�N/c	'6fZN],�'
y(x) = ce−

∫

a(x) dx.
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∫
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∫
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∫
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∫
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MB.0')PB(ZNBP]')(['�^+O-S0U[fZN/*z*2,�'uM/U[N/O4P]'[c�*t./*4�6*4QBN/*4(+U|,�'uN/c	'�U[(ZQ0')MB./*-,·YX'X,�'X,0*4QBN·O4(+U[xBQ/UZO4(ZN·MB.BN
,/f+*pO4(+U[xBQ/UZO4(ZN·Q0'�').Ble^]c�*4QB(['|aV(+U[f='�*5([')P]'|Q0')./*4{/*4Q0')(['·µ¶� � �/�/�;� �u�)� ­ � � � _¨��*4P]'u,�'ufZN],/N/cQ0')MB.BN/c�*4.5,�'XS/Npl�U[.BQ/U[(+U�^;.0')fZQ/*4QBN/*�N/c	'm./*4�6*4QBN/*

y
�0YX'mP;UZ*4(+U

y(0) = 0
N

y(ln 2) = 1
_�$L'm([')YeN

T/*-S|YX'[c�*eO4(Zf='[c�*
x
O

0
N

ln 2
f5UZs[y6U[(+U2./*4�6*4QBN/*Z 

y(0) = c1 + c2
N

y(ln 2) = c1e
ln 2 + c2e

2 ln 2 ª
y(ln 2) = 2c1 + 2c2

_	��U)S/^;{0')f='[c�*�O4N/O4(+*ec	')(['
{

c1 + c2 = 0
2c1 + 4c2 = 1

,

P;U�h](+UwN/c	'�./*4�6*4QBNBh
c1 = −1

2

N
c2 = 1

2

_6$�Q0'e{BNz./*4�6*4QBN/*4(+UwQ0'�le.0')QBNB{BQ0')(['wYX'X,�'e{0')(['2*
y(x) =

1
2(e2x − ex)

_	�&'[c�*4./*4(+*&YX'�^;MB.0')}VQ/*4QBN/*&(+U[f='6./*4�6*4QBN/*
y
�]YX'6P;UZ*4(+U

y(0) = 1
N

y(2) = 0
_

¡ J ¤ 
	S0*-,zP]')(+UwYeQ0'[*ec¥,�'�./*4�V')f='[c�*�\=UZc�U[l�*4QBQ/U[(+U2^;.0')fZQ/*4QBN/*
y′′ − 3y′ + 2y = 0

�Lc�U�}�*ec�,�'
./*4�V')f='[c�*�N6^;.0')fZQ/*4QBN/*4(+U

y′′−3y′+2y = f(x)
YX'Wf+O�h]P]'���3§g�^;QBPBTBNBh

f
_`$L'W([')YeNmT/*-SmO4~!O4([')fZhBc�*

O4N/O4(+*ec	')(['
{

u′
1e

x + u′
2e

2x = 0
u′

1e
x + 2u′

2e
2x = f(x)

,

�!h|N/c	'R./*4�6*4QBN/*
u′

1(x) = −f(x)e−x � u′
2(x) = f(x)e−2x _u
#~�U[(Zf+*4(ZQ/U u1(x) = −

∫

f(x)e−x dxN
u2(x) =

∫

f(x)e−2x dx
_�$L'uUZs[y6U[(+U|./*4�6*4QBN/*RQ0'z^;.0')fZQ/*4QBN/*4(+U

y′′ − 3y′ + 2y = f(x)
Oe*4l4'

M/U)S/^;{0')f='[c�*wNBYe.0')YX'
y(x) = (c1 + u1(x))ex + (c2 + u2(x))e2x �	PB~�,0*4(+U c1

N
c2
O�'5MB./U[NBYef+U)S/QBN

P;U[Q/O4([')QB(ZN!_
¡�Â ¤ �?*4�6*4(+*R^;.0')fZQ/*4QBNBh](['

y′′ − 3y′ + 2y = 1
ª

y′′ − 3y′ + 2y = ex ª y′′ − 3y′ + 2y = x
N

y′′− 3y′ +2y = sinx
_�$L'&f+O�h]P;U6U[(�(Xh;\mQ0'[c�*4./*4(+*�(+U[f='&./*4�6*4QBN/*

y
�+YX'&P;UZ*4(+U

y(0) = 0
N

y′(0) = 1
_

¹�qºÖ�qº¹���U
O4~Ly�NBh�Q0'e{BNBQ!�XYX'�,�'�./*4��N/cw^;.0')fZQ/*4QBN/*4(+U
y′′−2y′+2y = 0

O4~!O4([')fZhBc�*�\;').0')PB(+*4.BN/O4(ZN]a
{BQ/U[(+UIc`^¥^;.0')fZQ/*4QBN/*

λ2 − 2λ + 2 = 0
_Í��*4l�U[fZNB(+*z./*4�6*4QBNBh·O�'

λ1 = 1 − i
N

λ2 = 1 + i
_

��^;P|Oec�*vf5O4NB(Z^=')TBNBh](['5U[(pi]_ Ì �Ðs � _2��c	'[c�*�O4~�U[(Zf+*4(ZQ/U α = β = 1
NuYeQ0'e{BNEg�^;Q],�'[c�*4QB(['XS/Q0')(['

O4N/O4(+*ec	'R./*4�6*4QBNBh�*
y1(x) = ex cos x

N
y1(x) = ex sinx

_z
 ,/.B^;leN|,/^]c`N©�)�¬«/�+�m���4¸V�4�/�0�
y
Q0'

y′′ − 2y′ + 2y = 0
N/c	'ufZN],�'

y(x) = c1e
x cos x + c2e

x sinx
��PB~�,0*4(+U

c1
N

c2
O�'zMB./U[NBYef+U)S/QBN

P;U[Q/O4([')QB(ZN!_
¡ @ ¤ �&')MBNB�6*4(+*&(+U[f='6./*4�6*4QBN/*

y
Q0'

y′′ − 2y′ + 2y = 0
�BYX'�P;UZ*4(+U

y(0) = 1
ª
y′(0) = 0

_
¡�Á ¤ 
#~Ly6U[(+UVMB.BN2^+O-S0U[fZNBh](['

y(0) = 0
ª
y′(0) = 1

N
y(0) = 1

ª
y(1) = 0

_
¡ J ¤ $L'�,�'6./*4��N/cE^;.0')fZQ/*4QBN/*4(+U

y′′ − 2y′ + 2y = f(x)
(Z.=hBs[f='VMB~L.Bf+U6,�'VOe*�./*4��NRO4N/O4(+*ec	')(['

{

u′
1e

x cosx + u′
2e

x sinx = 0
u′

1e
x(cos x − sinx) + 2u′

2e
x(cos x + sinx) = f(x)

,

P;U�h](+Uv*�.0')fZQ/UZO4N]S/Q0'VQ0'
{

u′
1 cos x + u′

2 sinx = 0
−u′

1 sinx + u′
2 cosx = f(x)e−x

�;U[.BQ0')(['IO4N/O4(+*ec	'�N/c	'|./*4�6*4QBNBh
u′

1(x) = −f(x)ex sinx
N

u′
2(x) = f(x)ex cos x

_ì
	S0*-,·P]')(+U
MB./*eOec�*4(ZQ/*ec�O4~�U[(Zf+*4(ZQBNB(+*�NBQB(+*4le.0'XS/N!�`M/U)S/^;{0')f='[c�*�UZs[y6U[(+U2./*4�6*4QBN/*mQ0'

y′′ − 2y′ + 2y = f(x)
�

P;UZ*4(+U¥NBYel�S0*4}6,�'¥([')P]'] 
y(x) = (c1 + u1(x))ex + (c2 + u2(x))e2x _í�?*4�6*4(+*|YX'�^;MB.0')}VQ/*4QBN/*^;.0')fZQ/*4QBNBh](['

y′′ − 2y′ + 2y = 1
ª
y′′ − 2y′ + 2y = ex ª y′′ − 2y′ + 2y = sinx

N ∗ y′′ − 2y′ + 2y = x
_

�&'[c�*4./*4(+*&(+*4YeNw./*4�6*4QBNBhL�/YX'�P;U[NB(+U
y(0) = 1

N
y′(0) = 0

_
¹�qºÖ�q�½2�&')(+UVMB.BN/c�*4.RYX'6(Z./*4(ZNBh2O-S/^;{0')x|�

D = p2 − 4q = 0 � .0')Yel�S0*4}6,�'[c�*�^;.0')fZQ/*4QBN/*4(+U 4y′′ −
12y′ + 9y = 0

_p��*4l�U[f+U[(+U5\;').0')PB(+*4.BN/O4(ZNB{BQ/Ut^;.0')fZQ/*4QBN/*w*
4λ2 − 12λ + 9 = 0

N�N/c	'2./*4�6*4QBN/*
λ1 = λ2 = 3

2

_�$L'[sZ*-S0*4}�*4(+*Z��{/*�g&U[./c	'XS/Q/Um,0UZOe*4l4'mQ/*�Oec�*&.0')Yel�S0*4}6,�'XS/Nt^;.0')fZQ/*4QBNBhRU[(v(+U[YeN5fZN],dª
MB.BNEQ0'[OwP;UZ*eg�NBTBN/*4QB(Z~0(|MB./*-,

y′′
fZNBQ0')leN�*w*-,/NBQBNBT0']_I�`')Y�s[NB.0'zOe*Z�#(+U[f='pQ/*2s[NBf='R,�'tOec`^;yV')f='

{BNB([')(+*-S/hza�fpO-S/^;{0')huc�U�}�*ec®,�'w.0')Y4,0*-S/N/c�O
4
_5
#~Ll�S�'[O4Q/Uti]_ Ì ��f � g�^;Q],�'[c�*4QB(['XS/Q0')(['pO4N/O4(+*ec	'
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./*4�6*4QBNBh�Q0'5(+U[f='5^;.0')fZQ/*4QBN/*2Oe*wO4~!O4(+U[NIU[(zg�^;QBPBTBNBNB(+*
y1(x) = e

3

2
x N y2(x) = xe

3

2
x _�$�Q0'e{BNUZs[y6U[(+UV./*4�6*4QBN/*�NBYel�S0*4}6,�'V([')P]'] 

y(x) = e
3

2
x(c1 + c2x)¡ @ ¤ �&')MBNB�6*4(+*&(+U[f='6./*4�6*4QBN/*

y
Q0'

4y′′ − 12y′ + 9y = 0
�]YX'6P;UZ*4(+U

y(0) = 1
ª
y′(0) = 0

_
¡�Á ¤ 
#~Ly6U[(+UVMB.BN2^+O-S0U[fZNBh](['

y(0) = 0
ª
y′(0) = 1

N
y(0) = 1

ª
y(1) = 0

_
¡ J ¤ $L'�,�'�./*4��N/c|^;.0')fZQ/*4QBN/*4(+U

4y′′ − 12y′ + 9y = f(x)
(Z.=hBs[f='�MB~L.Bf+U�,�'�Oe*�./*4��N�O4N/O4(+*ec	')(['

{

u′
1e

3

2
x + xu′

2e
3

2
x = 0

3
2u′

1e
3

2
x + (u′

2 + 3
2xu′

2)e
3

2
x = 1

4f(x)
,

U[(pP;U�h](+UtM/U)S/^;{0')f='[c�*
u1(x) = −1

4xf(x)e−
3

2
x N u2(x) = 1

4f(x)e−
3

2
x _|
	S0*-,IP]')(+UpMB./*eOec�*4(ZQ/*ecO4~�U[(Zf+*4(ZQBNB(+*ENBQB(+*4le.0'XS/N!��M/U)S/^;{0')f='[c�*EUZs[y6U[(+U¥./*4�6*4QBN/*|Q0'

4y′′ − 12y′ + 9y = f(x)
��P;UZ*4(+U

NBYel�S0*4}6,�'V([')P]'] 
y(x) = (c1 + u1(x))ex + (c2 + u2(x))e2x _��?*4�6*4(+*&YX'6^;MB.0')}VQ/*4QBN/*�^;.0')fZQ/*4QBNBh](['

4y′′ − 12y′ + 9y = 1
ª
4y′′ − 12y′ + 9y = e−

3

2
x ªBN 4y′′ − 12y′ + 9y = x

_��&'[c�*4./*4(+*�(+*4YeN2./*4�6*4QBNBhL�
YX'�P;U[NB(+U

y(0) = 1
N

y′(0) = 0
_

¹�qºÖ�qÔÓR�?*4�6*4(+*�^;.0')fZQ/*4QBNBh]([']  ¡ @ ¤
y′′ + 3y′ + 2y = ax

ª
¡�Á ¤

2y′′ + y′ − y = 0
�
y(1) = 2

N
y′(1) = 1

ª
¡ J ¤

y′′ + 4y′ + 4y = 1
�
y(0) = 0

N
y(1) = 1

ª
¡�Â ¤

9y′′ − 6y′ + y = x
�
y(0) = 1

N
y(ln 27) = 0

ª
¡ D ¤

y′′ + y = 0
�
y(0) = 0

N
y′(0) = 7

ª
¡ 9 ¤

yIV − 5y′′ + 4y = 0
��MB~L.Bf+UmO4~!O4([')f+*4(+*�^;.0')fZQ/*4QBN/*�YX'

u = y′′ � _
¹�q�Ù���.0')fZQ/*4QBNBh](['�O#M/UZO4(+U�h]QBQBNmP;UZ*eg�NBTBN/*4QB(ZNmU[(�M/UWaLfZN/OeU[P6./*-,vOe*�./*4�V')f=')(�M/U�O´\=Ue,0*4Qvc�*4(+Ue,d_

��~L.Bf+UEOe*p.0')Yel�S0*4}6,�'IO4~�U[(Zf+*4(ZQ/U[(+UE\=UZc�U[l�*4QBQ/UE^;.0')fZQ/*4QBN/*tN�Oe*tO4~!O4([')fZh�Q/*4l�U[f+U[(+UIO4~�U[(Zf+*4(ZQ/U
P]')Q/U[QBNB{BQ/Um^;.0')fZQ/*4QBN/*Z_`"6'6.0')Yel�S0*-,�'[c�*&P]')(+UmMB.BN/c�*4.RO-S0*-,/Q/U[(+Um^;.0')fZQ/*4QBN/*Z 

¡�£ ½ ¤
y′′′ − 6y′′ + 11y′ − 6y = f(x)

U[(�(Z./*4(ZNV./*-,d�Zf�P;UZ*4(+U�,/hBO4Q0')(['�{0'[O4(
f(x)

*�M/U�{0'[O4(ZNvc�U[Q/U[(+U[QBQ0'�g�^;QBPBTBNBhL_	
#~!O4([')fZhBc�*�\;').0')PB(+*-a
.BN/O4(ZNB{BQ/U[(+Uw^;.0')fZQ/*4QBN/*6Q0'�O4~�U[(Zf+*4(ZQ/U[(+Uw\=UZc�U[l�*4QBQ/UwQ0' ¡�£ ½ ¤ �

y′′′ − 6y′′ + 11y′ − 6y = 0 �   λ3 −
6λ2 +11λ−6 = 0

_���*4l�U[fZNB(+*W./*4�6*4QBNBh�O�'
λ1 = 1

�
λ2 = 2

N
λ3 = 3

_	�W(�(Z^;P�c�U�}�*ecz,�'&Q0')MB.0')fZN/c
YX')P]S/â�{/*4QBN/*4(+UB��{/*|g�^;QBPBTBNBNB(+*

yk = ekx � k = 1, 2, 3
UZs[.0')Ye^;f=')( ¯�±+�/­ � ³&�4�/� � �/� � �e�/�e�V��³ �./*4�6*4QBNBhVf�Oec`N/O4~�Sd�={/* �)� �)�¬«/�+�&./*4�6*4QBN/* y(x)

Q0'�\=UZc�U[l�*4QBQ/U[(+U�^;.0')fZQ/*4QBN/*WO4~Ly6*eO4(ZfZ^;f=')(�([')PBNBf='
P;U[Q/O4([')QB(ZN

c1
�
c2
N

c3
�]{/*

y(x) = c1e
x + c2e

2x + c3e
3x _$L'm,�'m./*4��N/c��0�¬åB�-³��[µ-�4�/�/�)�6�v±4� � �)�0�4�/�0�6(Z~L./O4N/c¥QBh]P]')PBf+U�./*4�6*4QBN/* η(x)

fZ~Lf�fZN],�'
η(x) =

u1(x)ex + u2(x)e2x + u3(x)e3x �#PB~�,0*4(+U uk(x)
�
k = 1, 2, 3

O�'5Q/*4NBYef+*eO4(ZQBN©g�^;QBPBTBNBN!_I�d*-\]QBNB(+*
MB./U[NBYef+Ue,/QBN5c�U[l4')(m,�'Vs[~�,�')(vU[(ZPB.BNB(ZN2P]')(+Um./*4�6*4QBNBhwQ0'6O4N/O4(+*ec	')(['

¡�ï?» ½ ¤






u′
1y1(x) + u′

2y2(x) + u′
3y3(x) = 0

u′
1y

′
1(x) + u′

2y
′
2(x) + u′

3y
′
3(x) = 0

u′
1y

′′
1 (x) + u′

2y
′′
2(x) + u′

3y
′′
3 (x) = f(x)

,

P;U�h](+U2N/c	't�4­)�/�/�e�V�[�4�/�����4¸V�4�/�0�VYX'�f+O�h]P;U5g�NBP;O4NB.0')Q/U
x
_�Ý�^;QBPBTBNBNB(+*

uk(x)
Oe*VQ0'[c`NB.0')(pO-S0*-,

(+U[f='ROmNBQB(+*4le.BNB.0')Q/*Z_�ð �)Ï �)�6�V���4¸V�4�/�0�mQ0'wQ/*-\=UZc�U[l�*4QBQ/U[(+Up^;.0')fZQ/*4QBN/*vNBYel�S0*4}6,�'5M/URO-S0*-,/QBNBhQ0'e{BNBQ! 
y(x) = (c1 + u1(x))y1(x) + (c2 + u2(x))y2(x) + (c2 + u2(x))y3(x)

_
�¥Q0')��NBh2O-S/^;{0')xwM/U)S/^;{0')f='[c�*�O4N/O4(+*ec	')(['







u′
1e

x + u′
2e

2x + u′
3e

3x = 0
u′

1e
x + 2u′

2e
2x + 3u′

3e
3x = 0

u′
1e

x + 4u′
2e

2x + 9u′
3e

3x = f(x)

ñ



��*4xBQ/U[(+UV./*4�6*4QBN/*�*
u′

1(x) = 1
2f(x)e−x � u′

2(x) = −f(x)e−2x N u′
3(x) = 1

2f(x)e−3x _�?*4�6*4(+*�^;.0')fZQ/*4QBNBh](['
y′′′−6y′′+11y′−6y = x

�
y′′′−6y′′+11y′−6y = 1

�
y′′′−6y′′+11y′−6y =

eax N y′′′ − 6y′′ + 11y′ − 6y = sin ax
_

¹�q�ÙLq � ��(+U¥U[y6*uQBh]P;U)S/P;U¥MB.BN/c�*4.0']��f�P;U[NB(+U�,�')f='[c�*z,0U[MB~�S/QBNB(+*-S/Q/U¥N�g�^;Q],�'[c�*4QB(['XS/Q0')(['
O4N/O4(+*ec	'6./*4�6*4QBNBhL 
¡ @ ¤ �?*4�6*4(+*
^;.0')fZQ/*4QBN/*4(+U

y′′′−y′′+y′−y = f(x)
_?��./U[f+*4./*4(+*Z�={/*
g�^;Q],�'[c�*4QB(['XS/Q0')(['�O4N/O4(+*ec	'

*
y1 = ex � y2 = cos x

N
y3 = sinx

_��&')MBNB�6*4(+*�./*4�6*4QBNBh]([']��')P;U
f(x) = 1

�
f(x) = x

�
f(x) = ex N

f(x) = sinx
_

¡�Á ¤ �?*4�6*4(+*�^;.0')fZQ/*4QBN/*4(+U
y′′′ − 3y′′ + 3y′ − y = f(x)

_�Ý�^;Q],�'[c�*4QB(['XS/Q0')(['�O4N/O4(+*ec	'v./*4�6*4QBNBh
*

y1 = ex � y2 = xex N y3 = x2ex _��&')MBNB�6*4(+*�./*4�6*4QBNBh]([']�!')P;U f(x) = 1
�
f(x) = x

�
f(x) = ex N

f(x) = sinx
_

¡ J ¤ �?*4�6*4(+*p^;.0')fZQ/*4QBN/*4(+U
y′′′ − 3y′ + 2y = f(x)

_��W(ZPB.BNBxB(+*tg�^;Q],�'[c�*4QB(['XS/Q0')(['EO4N/O4(+*ec	'
./*4�6*4QBNBhu�ÐU[(Zl-_

y1 = ex � y2 = xex N y3 = e−2x � _	�&')MBNB�6*4(+*�./*4�6*4QBNBh]([']��')P;U f(x) = 1
�
f(x) = x

�
f(x) = ex N f(x) = sinx

_
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NBQB(+*4le.BNB.0')Q/*���PBf='X,/.0')(Z^;.BN � _·��Uz([')YeN�MB.BNB{BNBQ0'zMB./U[T/*eO�'zQ0'pMB./*eOec`h]([')Q/*4(+U|Q0't./*4�6*4QBNBh](['zQ0',�'X,0*4Q/UV^;.0')fZQ/*4QBN/*&M/U�h]P;U[l4'mO4~Ly6UmOe*�Q0').BNB{0'VNBQB(+*4le.BNB.0')Q/*Z_
��c	'�Q0')x�.0')Y4S/NB{BQBN�M/Ue\]f=')(ZN�YX'&NBQB(+*4le.BNB.0')Q/*4(+U�Q0'�,/N/g&*4./*4QBTBN0'XS/QBN�^;.0')fZQ/*4QBNBhvU[(�.0')Y4S/NB{BQBN

O4M/*4TBN0'XS/QBNRP]S�'[OeU[f+*Z_#�`')Y4S/NB{BQBNpO4MB.0')f+U[{BQBNBTBN5NROesZU[.BQBNBTBN5O4~�,/~L.=}6')(t��M/U6,/^]c`NB(+*�Q0'6NBYef+*eO4(ZQBNBh
.B^+O4PBNRc	')(+*ec	')(ZNBP5��_B�W.BQ/U)SB, � ,0U 1, 6.103 ^;.0')fZQ/*4QBNBhL_��O4NB{BPBNB(+*v(+*4YeN�c�*4(+Ue,/NEUZs+'e{/*vN/c	')(5M/U[Q/*m,/f='wf=')}VQBN|Q/*-,0UZO4([')(Z~LP]']_p��~L.BfZNBh](tOe*vO4~!O4(+U[N|f
(+U[f=']�={/*
,�'XS0*4{�Q/*�f+O�h]P;U�^;.0')fZQ/*4QBN/*�c�U�}�*W,�'&s[~�,0*�./*4�6*4Q/U�f&PBf='X,/.0')(Z^;.BN!_?"6')}�*W([')P;U[f='�MB./UZO4(+U
^;.0')fZQ/*4QBN/*2P]')(+U dy

dx
= y2 − x

Q/*Rc�U�}�*2,�'zs[~�,0*2./*4�6*4Q/UzfuPBf='X,/.0')(Z^;.BN!_��dU[f='uU[YeQ0'e{0')f=']�
{/*
./*4�6*4QBNBh](['�c`^&Q/*�c�U[l4')(�,�'�s[~�,�')(�NBYe.0')Y�*4QBNVM/UZO4./*-,0O4(Zf+UZcpPB.0'[*4Q6s[./U[xVU[M/*4.0')TBNBNVU[(�*-S0*ec�*4QB([').BQBN
g�^;QBPBTBNBNwNwNBQB(+*4le.0'XS/N5U[(m(Xh;\L_
�W(�,/.B^;l4'�O4(Z.0')Q0'�,0U[.BNVN6f�(+*4YeNmO-S/^;{0')N!�Zf�P;U[NB(+U&c�U�}�*ecp,�'�NBQB(+*4le.BNB.0'[c�*�,�'X,0*4Q/U�^;.0')fZQ/*4QBN/*Z�

g&U[./c`^XS�')([']�	P;U�h](+U5,�')f='pUZs[y6U[(+Up./*4�6*4QBN/*�Q0')xE{/*eO4(+UpQ/*�*�U[(tUZOeUZsZ*4Q0'5M/U)S/YX'5YX'RMB.BN]S0U�}�*4QBN/*Z�
YX')y6U[(+Uu*w(ZfZ~L.+,0*RP;UZc`M]S/NBTBNB.0')Q0']_®��Uz([')YeN¥MB.BNB{BNBQ0'z*2M/Uta�c	'XS/P;UuM/U)S0*4YeQ0'uU[(zQBh]P;U�hIS0*eO4Q0'
YX'zNBYeM/U)S/Yef=')Q/*zg&U[./c`^XS�']�
P;U�h](+U|,�')}6'|Q/*R(+U[{BQ/U[(+UB��'uMB.BN/s)S/NB}�*4Q/U�./*4�6*4QBN/*pQ0'uO4^+U[(Zf+*4(ZQ/U[(+U
^;.0')fZQ/*4QBN/*Z_�
	\=Ue,/Q0'�O4NB(Z^=')TBNBh�fZ~LYeQBNBPBf='
MB.BN&./*4�6*4f=')Q/*4(+U�Q/*�O�'[c�U
Q0'�,/N/g&*4./*4QBTBN0'XS/QBN&^;.0')fZQ/*4QBNBhL_
�&')MB.BN/c�*4.z^;.0')fZQ/*4QBN/*4(+U

x3 − 3x = 2a
c�U�}�*6,�'�s[~�,0*6M/U)S/^;{/*4Q/Uwh]fZQ/U�M/U�NBYef+*eO4(ZQ0')(['2g&U[./c`^XS�'

Q0'6�&').+,�')Q/UB 

x =
3

√

a +
√

a2 − 1 +
3

√

a −
√

a2 − 1.�WP;UzUZs+'e{/*2QBNI(Z.=hBs[f='tMB.BN/s)S/NBYeNB./*-S/Q0')(['|O4(+U[xBQ/UZO4(uQ0'pP;U[./*4Q�Q0'pl�U[.BQ/U[(+Uz^;.0')fZQ/*4QBN/*Z��(+Uz*wM/U
^X,�'e{BQ/U2,�'wYX'[sZ*-S0*4}VN/c
��{/*

x ≈ −2
3a
*m,0UZs[.0'5')MB./U[P;O4N/c	')TBNBh|Q0'2P;U[./*4Q|Q0'2l�U[.BQ/U[(+UR^;.0')fZQ/*4QBN/*

MB.BNRc	'XS/PBNRO4(+U[xBQ/UZO4(ZNRQ0'
|a|
_

�dU[{BQ/U�M/U�O4~Ly�NBh�Q0'e{BNBQV^;.0')fZQ/*4QBN/*4(+U�Q0'�c	'X\;'XS0U[(+U
x′′(t)+sinx(t) = 0

c�U�}�*�,�'�s[~�,0*�./*4�6*4Q/U
f�PBf='X,/.0')(Z^;.BN!_��&')N/O4(ZNBQ0']��(+U�*�U[(�fZN],�'|òôó=õ-öe÷6N5YeQ0'e{BNzc�U�}�*ec¥,�'mM/UZO4(Z~LMBN/c©M/U�U[MBN/O�')QBNBh5(['[c
Q0'e{BNBQ! 

2x′x′′ = 2x′ sinx
�=U[(�PB~�,0*4(+U�M/U)S/^;{0')f='[c�*

(x′2)′ = (2 sin x)′
N�O4~�U[(Zf+*4(ZQ/U

x′2 = c+2 sin x
�

PB~�,0*4(+U
c
*WP;U[Q/O4([')QB([']_�$�Q0'e{BN

x′(t) = ±
√

c + 2 sin x(t)
_��dU[l4')f='�YX'�UZs[.0')(ZQ0')(['6g�^;QBPBTBNBh

t = t(x)Q0'
x(t)
M/U)S/^;{0')f='[c�*�M/UZO-S0*-,0U[f=')(+*-S/Q/U

t′(x) = ± 1√
c+2 sinx

N
t(x) = ±

∫

dx√
c+2 sin x

+ d
�/PB~�,0*4(+U

d
*

,/.B^;l4'6P;U[Q/O4([')QB(['mQ0'6NBQB(+*4le.BNB.0')Q/*Z_
��U
([')PB~LfWQ0'e{BNBQ�M/U)S/^;{0')f='[c�*�UZs[.0')(ZQ0')(['Wg�^;QBPBTBNBh�Q0'�./*4�6*4QBN/*4(+U�Q0'�^;.0')fZQ/*4QBN/*4(+UWQ0'
c	'X\;'XS0U)a

(+UB�+NBYe.0')Y�*4Q0'&P]')(+U&NBQB(+*4le.0'XSd_��dU[x�UZs+'e{/*Wf�UZs[y�NBhmO-S/^;{0')xp��MB.BNvMB./U[NBYef+U)S/Q/U
c � Q/*�*W*-S0*ec�*4QB([').BQ0'g�^;QBPBTBNBhR��()_ *Z_Ô�;Q/*�*�./*4��N/cu*4P;O4M]S/NBTBNB(ZQ/U � _��W(&,/.B^;l4'�O4(Z.0')Q0'�M/U[f+*4{/*4(+U�fZ~LMB./UZO4N�YX'�M/U[f+*-,0*4QBN/*4(+U

n j



Q0'�c	'X\;'XS0U[(+UWOe*�./*4�V')f=')(�M/U�aBS0*eO4Q/U���N�O4~!O�YX'X,0U[f+U)S/NB(+*-S/Q0'
(+U[{BQ/UZO4( � M/UZO4./*-,0O4(Zf+UZc2MB.BN/s)S/NB}�*4Q/U[(+U^;.0')fZQ/*4QBN/*�Q0'Vc	'X\;'XS0UmO&c	'XS/PBN2P;U)S0*es+')QBNBh
x′′(t) + x(t) = 0

_
½Lq � 
#~Ly6*eO4(ZfZ^;f=')(©c`Q/U�}�*eO4(Zf+U�c�*4(+Ue,/N�YX'��[��� � �/� � �/�V���/�/�R���4¸ � � � �0�|Q0'E,/N/g&*4./*4QBTBN0'XS/QBN^;.0')fZQ/*4QBNBhL_	�d*�Q0')N/O4(ZNBQ0'6Q/*�,�')f=')(w�6�)�;�/�R./*4�6*4QBNBhL�BQ/UVc�U[l4')(V,�'6s[~�,�')(mMB.BN]S�')l4')QBNRPB~!c|,0UZO4(['

UZs[y�NENIMB./U[NBYef+U)S/QBN�^;.0')fZQ/*4QBNBhL_��`,/NBQ�O4~Lf+Oe*ec�*-S0*ec�*4QB([')./*4Q¥M/Ue\]f=')(zQ0')MB.BN/c�*4.¥*�,�'p(Z~L./O4N/c
Q/*4NBYef+*eO4(ZQ/U[(+Uu./*4�6*4QBN/*2P]')(+UuO4^]c	'pQ0'zsZ*4YePB.0'[*4Q¥O4(+*4M/*4Q/*4Q¥./*-,�M/Uuc�*4(+Ue,�'tQ0'tQ/*eU[MB./*-,0*-S0*4QBNB(+*
P;UZ*eg�NBTBN/*4QB(ZN!_
�Ii]_ i�O4M/UZc�*4Q0'X\Bc�*Z�={/*
^;.0')fZQ/*4QBN/*4(+U

xy′′−y′ +xy = 0
Q/*�c�U�}�*�,�'�s[~�,0*�./*4�6*4Q/U�M/UZO4./*-,0O4(Zf+UZc

PBf='X,/.0')(Z^;.BN!_	�Wy6*�M/U[f+*4{/*�Q/*-\=UZc�U[l�*4QBQ/U[(+U�^;.0')fZQ/*4QBN/*
xy′′−y′+xy = f(x)

c�U�}�*�,�'�s[~�,0*�./*4�6*4Q/U
*4P;O4M]S/NBTBNB(ZQ/UB_	��.BNm(+*4YeNvUZsZO4(+U�h](+*-S0O4(Zf='�c�U�}�*ecz,�'�Oe*
U[MBNB(['[c�*�,�'�U[(ZPB.BN/*ecz./*4�6*4QBN/*
M/U&O-S0*-,/QBNBh
Q0'e{BNBQ! ?.0')YefZNBf='[c�*Wg�^;QBPBTBNBh](['

f(x)
f&O4(+*4M/*4Q/*4Qv./*-,d 

f(x) =
∞
∑

n=0
bnxn NV(Z~L./O4N/ct./*4�6*4QBN/*4(+U y(x)

P]')(+UVO4^]c	'�Q0'�O4(+*4M/*4QBQBNBh�./*-, ∞
∑

n=0
anxn �;P;UZ*eg�NBTBN/*4QB(ZNB(+*�Q0'�P;U[xB(+UVO�'�Q/*4NBYef+*eO4(ZQBN!_#35U�}�*ec|,�'�leN

Q0'[c�*4.BN/c
�BP]')(+UVYX'[c�*eO4(ZN/c
y
f6^;.0')fZQ/*4QBN/*4(+UBª/YX'�([')YeN2T/*-S2MB./*eOec`h](['[c�*�O4~�U[(Zf+*4(ZQBNB(+*&MB./U[NBYef+Ue,/QBN! 

xy′′(x) =

∞
∑

k=2

k(k − 1)akx
k−1 = 2a2x + 3.2a3x

2 + 4.3a4x
3 + · · · ;

−y′(x) = −
∞

∑

l=1

lalx
l−1 = −a1 − 2a2x − 3a3x

2 − 4a4x
3 + · · ·

N
xf(x) =

∞
∑

m=0

amxm+1 = a0x + a1x
2 + a2x

3 + · · ·

NwleNRO4~!s[NB.0'[c�*Z_#��U)S/^;{0')f='[c�*

xy′′ − y′ + xy = −a1 + a0x + (3a3 + a1)x
2 + (8a4 + a2)x

3 + · · · = b0 + b1x + b2x
2 + b3x

3 + · · · .

�dU[f='v*�.0')f+*4Q/O4(Zf+U�Q0'6,/f='vO4(+*4M/*4QBQBNp./*-,�'2�[���t�)�¬«/�+�
x
��U[(vPB~�,0*4(+U�O-S0*-,/f=']��{/*&(+*�N/c	')(�*-,/Q0')PBfZN

P;UZ*eg�NBTBN/*4QB(ZN!_5�&')(+U5./*4Ye^XS/([')(tOe*mM/U)S/^;{0')f='2S/NBQ/*4xBQ0'RO4N/O4(+*ec	'5O�sZ*4Y�s[./U[x�c`Q/U[l�U5Q/*4NBYef+*eO4(ZQBN�N
sZ*4Y�s[./U[xmc`Q/U[l�U�^;.0')fZQ/*4QBNBhL_`�u,�'X,0*4QBNBhVO-S/^;{0')xVN/c	'[c�*

−a1 = b0
�
a0 = b1

NVYX'
n ≥ 2

*�NBYeMB~�S/Q/*4Q/U
(n2 − 2n)an+1 + an−1 = bn

_
½Lqº¹w�&')MBNB�6*4(+*�QBh]P;U)S/P;UmP;UZ*eg�NBTBN/*4QB(['

an
')P;UB W�¶' � f(x) ≡ 0

ªd�Ðs � f(x) = x2 N f(x) = sinx
_

½Lq�½��?*4�6*4(+*�MB.BN/s)S/NB}�*4Q/U2��MB.BN/c�*4.BQ/U�,0U
x3 � ^;.0')fZQ/*4QBNBh]([']  xy′′− y = x2 N y′′− 2xy′ + y = 1

_

nZn


