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PART 1
THE SCOPE OF FRACTURE MECHANICS

Fracture mechanics has started its development in the middle of the last century. The reason
of the establishment of this theory is the engineering problem which appears on the military ships
and especially in their welds.

As a result of these “little” problems the military ships broke and sank.

Actually the fracture mechanics problem is essential not only in these structures but in many
other type of constructions. Scientist understood that the criteria of theory of plasticity are not
enough to comprehend the crack propagation problem and had developed new criterion – the
criterion of fracture mechanics:
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Figure 1: Failure criteria for theory of plasticity and fracture mechanics.
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To have a fracture problem it is not necessary the existing flow to be a crack. At a structure
exists a lot of “dangerous” points which are showed on figure 2:
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Figure 2 A structure with singular points.
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Figure 3 A general corner configuration
with stress free surfaces.

At all this specific points is possible to generates a crack which may cause serious damages or
collapse of the structure. These are usually internal corner points, where the opening angle β vary
from zero opening (a typical case of an existing crack) to β = π. The essential problem of the structure
including initial flow is the stress distribution around a singular point:
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The stress field at the crack tip point (β = 0) is singular and the stresses are of order O(r-1/2),
where r is the distance from the tip [1]. In other words the stresses tend to infinity with approaching
crack tip (see figure 3).

Stress intensity factor (SIF).
To evaluate stress distribution SIF is defined. The stress intensity factors represent the
magnitude of the stresses around the tip of the singular point. The stress intensity factor (SIF) is
considered to be the main parameter of the linear fracture mechanics. George Irwin formulates three
different fracture modes (deformation) at the crack tip – opening, sliding and tearing shown at
figure 4:

Figure 4: Fracture modes: a) mode I – opening; b) mode II – sliding; c) mode III – tearing.
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When the crack is inclined logically it appears not first or second fracture mode but “mixed
mode fracture”.
Important to know: SIF give information for the magnitude of the stresses in the crack tip. When this
parameter reach a specific value the crack will start to propagates.
Theoretically the stress intensity factor (SIF) for mode I defines as:

KI = σ 0 πl,
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Figure 5: Infinite plate in plane stress under
constant normal load and including crack.
This result has been obtained by Griffith in 1920. This result is obtained for the first mode
fracture. There are many other solutions and formulae for calculating SIF but they will be not present
here.
Numerically the stress intensity factor can be calculated using the displacements at the
points near the crack tip - will be presented later.

Energy release rate.
Another way to evaluate the stress concentration and the possibility for crack propagation
had developed by Griffith and modified by Irwin. This is the energy method in fracture mechanics. As
a result of this theory they define so called “Energy release rate” – G.
The energy release rate is the energy needed for opening of new crack with a unit area. To
calculate the value of this parameter is enough to calculate the strain energy of the investigated
model for two different length of the crack and to calculate the differential of it.
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Figure 6: Calculation of Energy release rate.
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Gorge Irwin found a connection between stress intensity factor and energy release rate for
first mode of fracture. This connection for plane stress a plane strain is as follows:

𝐺=

𝐺=
𝐾𝐼2
𝐸

𝐾𝐼2
𝐸

for plane stress;

(1 − ν2 ) for plane strain,

where E is Yong’s modulus and ν is a Poisson coefficient.

The advantage of the energy release rate: Energy release rate uses a general structural parameter –
the strain energy. This is a way the stress concentration to be avoided.

Linear Elastic fracture mechanics:
One of the important questions on the engineering structures and the most important for
the linear elastic fracture mechanics is “When crack growing will appears?”
Griffith and Irwin gave an answer of this question. They found that there is an exact value of
the stress intensity factor (or energy release rate) which is critical for the crack growing. When stress
intensity factor on the crack tip reachs this specific value, the crack starts to increase. This value “the
critical stress intensity factor” appears to be a material constant. Using this fact Irwin defines a linear
elastic fracture mechanics (LEFM) criterion:

𝐾𝐼 = 𝐾𝐼𝑐

or

𝐺 = 𝐺𝑓

where

𝐺𝑓 =

2
𝐾𝐼𝑐

𝐸

for plane stress.

This criterion is formulated for the first mode of fracture. If the crack is inclined it appears the
mixed mode fracture so some general criterion is needed. For this situation changes the evaluation
of SIF value only. Now instead of first mode stress intensity factor will appears a combination of SIF
for first and second fracture modes.

y

r,x

θ

crack tip
Figure 7: Mixed mode LEFM criterion.
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For this case the criterion is:

θ
θ
θ
K I cos3 c − 3K II cos 2 c sin c =
K Ic ,
2
2
2
where θc is the critical crack propagation angle.
or

K(θc) = KIC
where K(θc) is equivalent SIF for the mixed mode.
Using energy release rate it doesn’t matter if it is first or mixed mode fracture so the crack
growth criteria is the same in two cases:

𝐺(𝐾𝐼 , 𝐾𝐼𝐼 ) = 𝐺𝑓

This criterion, as it was mentioned, gives the moment (load level) when the crack will start to
increase. As a result according linear elastic fracture mechanics there is already a criterion for the
initiation of failure of the structure including a singular point – crack or other flow. Of course the
dimension of this flow or crack is important because as the flow is bigger as the stress intensity will
be bigger too so the critical value of the stress intensity will be reach early - at a smaller load level.
Finally the fracture mechanics criterion in accordance to figure 1 is defined. But the work is not
finished. As we have the first step for fracture investigation many new questions arise.
Such a question is: In what direction the crack will increase?
To answer this question we will write the expression for the stresses in the crack tip for
inclined crack as this on figure 7:
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Condition for critical crack direction is that the normal stress should be principle and
maximum with respect to θ from which follows the condition that the tangential stress should be
zero. Using these two conditions we reach following criteria:
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From this system of equation we obtain critical crack propagation angle and the load level.
Analogically, if we use the energy release rate the two criteria are:
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G ( K I ; K II )θ =θc = maximum
G ( K I ; K II ) = G f
Using the SIF or energy release rate criteria we may define crack propagation trajectory.
Next question arises is: If we have only first mode fracture, for example, what will happens when the
critical load value is reached? Will the structure collapse immediately or not?
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Figure 8: Symmetrical crack propagation case (mode I propagation).
Actually the theory of the linear elastic fracture mechanics doesn’t give answer of this
question. According this theory, crack grows immediately and the structure collapse. As a result
there is a brittle failure of the structure.
In fact there are different kinds of failure connected with a material and the shape of the
structure. It is well known fact that the stresses at some structure cannot be grater then some value
– for example yielding stress for the steel or tensile stress for the concrete. Having this in mind it is
obvious that at a crack tip some plastic zone will appears small or large depending of material
properties. It generates the elasto-plastic fracture mechanics.

ELASTO-PLASTIC FRACTURE MECHANICS.
According linear elastic fracture mechanics assumptions, the stress at the crack tip is
theoretically infnite. But as we said, all materials have a finite strength, thus there will always be a
small plastic zone around the crack tip. If this zone is small compared to the crack size, then the
linear elastic assumptions is correct if not, LEFM is not applicable and a nonlinear model must be
used. We distinguish three general types of material behaviors shown below:
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The first one is brittle behavior, typical for materials as glass and pottery. As the fracture
zone is very small and the crack propagates immediately one can use the theory of LEFM to predict
the failure load. In the second type of behavior there is a large plastic zone and plastic behavior of
the structure. This is typical for some metal structures. In this case it is possible to use the criteria of
LEFM but it is necessary to take into account the large plastic zone. It is also convenient to use limit
state analysis. The last type of behavior is so called “quasi-brittle”. For such materials the fracture
process zone is large and it is necessary to evaluate special fracture models to take care about it. In
the presented lecture we are concentrated on the quasi-brittle behavior and modeling.
The simplest model taking into account the plastic zone have been made from Irwin at earlier
years of the last century. His idea is illustrated on figure 10:
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Figure10: Second-Order Approximation of the Plastic Zone

As first order Irwin approximation we equating the expression of the stresses on crack tip
(according to LEFM) to the ultimate stress value – in this case yield stress [3].

σ y (r1 ,θ = 0 ) =

KI
2πr1

=σ Y

as a result we obtain a new fictive crack elongation equals to r1 as follows:

1
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After taking into account the stress equilibrium needed at the crack tip equating the area A
to area B on figure 10 we obtain the second order of the plastic zone approximation.
r1

 KI

∫ 
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Finally for this simplest model we work with a new “effective” crack length equals to: leff =l + r1,
and elasto-plastic stress distribution presented on figure 10 with a red line.
There are a many different models presenting plastic zone around the crack tip. Using them
we may obtain quite good results for the fracture load – the ultimate load at which the structure
collapses. These results are convenient for plastic materials and partially for quasi-brittle. But as we
already said the quasi-brittle behavior is complicate because of the large fracture process zone and
other problem as size effect. In same time quasi-brittle behavior is very important because biggest
number of structures made of such material. That is why we will present some models for concrete.

Fracture mechanics for concrete
The tensile fracture of the plain concrete is as a rule regarded brittle, because concrete does
not have the yield behaviour, which is very typical for metals. Its tensile stress-strain constitutive law
is nearly linear up to the critical point, but after that, it starts to descend. In spite of that, the
concrete still has considerable toughness. The reason is the formation of the fracture process zone
and the phenomenon called strain localization. Because of this long damage zone, the methods of
the LEFM can not be directly applied for concrete.

Discrete and smeared types of “fracture process” zone modeling
Two different approaches are available for the proper simulation of the tensile cracking of
concrete in the fracture process zone. These are discrete and smeared crack models, see Figure 11.

1

The discrete crack is usually formed by separation of previously defined finite element edges, if
the finite element method is used in the analysis. The nonlinear process is lumped into a line and
nonlinear translational springs are usually employed. The discrete crack approach is very attractive
from physical point of view as it reflects the localised nature of the tensile cracking and associated
displacement discontinuity. Some drawbacks are however inherent for this approach, namely: the
constraint that the crack trajectory must follow the predefined element boundaries.
That was the reason for researchers to search for another method and they introduced the
smeared crack approach, see references [7] and [8], where the nonlinear strain is smeared over a
finite area or band with given thickness. Before going further, we will consider the mentioned models
from the point of view of the kinematic description of the fracture process zone. Consider a simple
homogeneous bar with linear, one-dimensional behaviour, until the fracture process zone develops,
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Figure 12. Then, we distinguish two types of kinematic descriptions, depending on the regularity of
the displacement field u(x). The first one, see Figure 2 (a), incorporates strong discontinuity, i.e. jump
in displacement w and strain field ε(x).

b)

It is very natural therefore, to relate the kinematic description of Figure 12 (a) to discrete crack
approach. The kinematic description, given in Figure 12 (b), which corresponds to smeared crack
model of Figure 11 (c). That is a continuum model very similar to plasticity models, but when the
crack propagation process is continuously developing, the stress-strain relation exhibits softening,
instead of hardening. From kinematic point of view, it represents the region of localized deformation
by a band of a small but finite thickness hc, separated from the remaining part of the body by two
weak discontinuities.
Although after 1970’s the smeared crack approach was continuously implemented and used in
the general-purpose programs like ANSYS, ABAQUS, DIANA etc. The principle objection against
smeared cracks model is that it would tend to spread the crack formation over the entire structure,
so it was incapable to predict the real strain localisation and local fracture.
Discrete crack models
One-parameter model
The first one is the one-parameter model of Linear Elastic Fracture Mechanics (LEFM) – the Irwin
model we have above described. We classify this approach of LEFM as one-parameter model, since
the only one material constant related to fracture is Gf or Kc . The main problem for the direct
application of the LEFM to the concrete structures, having an initial crack, is the fact that the
concrete is a typical quasi-brittle material.
Two-parameter model of Jenq and Shah
This theory belongs to the class of effective crack or two-parameter models, and can be classified
as to Griffith-Irwin model. Sometimes in the literature they are called equivalent elastic crack
methods and they belong to the class of approximate nonlinear fracture mechanics models. The
principal idea is that the actual crack is replaced by an effective elastic crack substitute, governed by
LEFM criteria. The equivalence between the actual and the corresponding effective crack is
prescribed explicitly in the model and it usually involves an element of nonlinear behaviour. Those
9

type of models are able to predict, in principle, peak loads only of pre-cracked specimens of any
geometry and size, but they have no potential (unlike cohesive models) to describe the full forcedisplacement relationship.
Jenq and Shah [9], proposed a two-parameter fracture model shown, in Figure 13. In their
approach, the independent material fracture properties are the critical stress intensity factor KsIc and
the critical crack tip opening displacement (CTOD)c , which are defined in terms of the effective crack.
The fracture criteria for an unstable crack are:
KI=KsIc ,
CTOD=(CTOD)c ,
where KI is the stress intensity factor, calculated for the given load at the tip of the assumed effective
crack of length aeff=a0+∆a, and (CTOD) is the crack tip opening displacement, calculated at the initial
crack tip.

In this model, the effective crack exhibits compliance equal to the unloading compliance of the
actual structure, see the Figure 13 (b). It is measured from the test of a three point bending
specimen, so the nonlinear effect is included in the solution by experimentally obtained material
parameters of the method. Consequently, again using the given LEFM relations, KsIc and (CTOD)c of
the material can be obtained at the critical load Fmax.
The class of effective crack, two-parameter models are able to give a good estimate of the
critical (peak) load, but in order to obtain a complete description of the response past the peak load,
using these models, additional assumptions have to be invoked. The answer is either development of
the class of three-parameter models or the enhanced, two-parameter model of Nielsen.
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Three-parameter models of fracture mechanics (cohesive type models)
The first three-parameter nonlinear theory of fracture mechanics of concrete was proposed by
Hilleborg [6], and it was named fictitious crack method. Distributed cohesive forces, along the crack
faces, which tend to close the crack, simulate the toughening effect of the fracture process zone.
Therefore, there is no singularity at the crack tip unlike in LEFM and stresses there have finite values.
The modeling of the concrete is based on an energy approach. The development of the
fracture (or process) zone is introduced by a “fictitious” crack and is shown in Figure 14.a, where the
stress-deformation behaviour is investigated in a deformation controlled uniaxial tension test.
As the deformation is increased in the tensile test, the stress is increasing almost linearly with
moderate strain hardening prior to the attainment of their ultimate tensile capacity. That point
corresponds to the tensile strength ft of the concrete (see Figure 11). At this stage microcracks are
developing which is a reason for the nonlinear (σ – ε) diagram. If unloading is performed, the
unloading branch is almost linear.

Further loading will result in a descending branch, called “softening in tension”, to distinguish it
from strain softening in compression. As the stress decreases the parts outside the fracture zone are
unloaded and that part of the body are mains elastic. Thus, the fracture zone does not spread along
the bar, but is concentrated in the local zone where it started. The remaining part of the specimen
simultaneously contracts elastically due to the decreasing stress. The nonlinearity is included within
the narrow zone with considerable strain localization. The size of the “strain localization” zone for
concrete is estimated to be of the order of maximum aggregate size.
We introduce the notation w for the additional deformation within the fracture zone. A
general description of the stress-deformation properties of the concrete can be given by two curves,
one stress-strain (σ – ε) curve up to the peak value and one stress-deformation (σ – w) curve for the
descending branch, see Figure 14.a. The width w of the damage zone, corresponding to the distance
between the two uncracked parts, is termed crack opening displacement. As it increases, the stress
will gradually fall, until the ultimate crack width wc is reached upon zero normal stress. At this point,
a real crack will develop, so the stress transfer between the two parts will terminate. We denote by
GF the fracture energy absorbed within the fracture process zone, and it can be written as:
wc

GF =

∫ f ( w )dw

. (1)

0
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This is the area below the curve and it represents the fracture energy necessary for the
propagation of the crack with unit area along the fracture surface. If we assume f(w) to be a known
material function, the fracture energy GF is a material property too and may be found
experimentally.
We consider the cohesive approach of Hilleborg as a three-parameter model. Two of them are
defined as material constants, say tensile strength ft and critical separation wc, so the third
parameter is usually geometrical, e.g. the type of f(w) function. Therefore in this case the fracture
energy GF is "adjusted" to the model being calculated. Any other combination of parameters GF, ft
and wc are possible, provided the form of f(w) function is known (or accepted) in advance.
Hillerborg [6], has introduced a combination of these parameters called characteristic length,
denoted by lch, and defined as follows:
lch =

EGF
ft2

.

The characteristic length is therefore a material property of geometric nature, which has no
physical meaning. It is, however, an important constant, as we shall see below. Based on this length,
dimensionless parameter B is introduced (shown at figure 12) :
B=

ft2 D
EGF

,

where D is a typical structural dimension such as the height of the beam. We call B parameter
brittleness number, viewed as an important indicator of the structural type and failure behaviour
(figure 15).
plasti
0.35

log(Sig/ft)

0.15
LEFM

quasibrittl

-0.05
-0.25
-0.45
-0.65
-5

-4

-3

-2

-1

0

1

2

log(B)

Figure 15. Failure load versus brittleness
The deviation of the fracture behaviour of concrete and other quasi-brittle materials from LEFM
is the existence of a fracture process zone ahead of the crack tip, which is not small enough,
compared to the structure dimensions. That is the consequence of the progressive softening of the
material due to microcracking.
Nielsen’s crack propagation formulas:
In the theoretical paper [10], Nielsen proposes a simplified fracture mechanics model for crack
growth of quasibrittle materials, based on an energy balance equation. The numerical procedure
requires determination in advance of the change of the elastic strain energy with crack length a (i.e.
dW/da function), which can be done by a simple FEM calculation.
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Consider a plane body with an internal crack of length a, subjected to load, applied at the
boundary. At the critical moment, when the crack is on the verge of extension, the following energy
balance equation is valid:
dW/da+GFb=0,
where W the strain energy stored in the body of width b, GF is the fracture energy and for the sake of
simplicity only the case of displacement controlled systems will be examined.
The first term of this equation is called driving force, whereas the fracture energy GF can be
viewed as a crack resisting, material parameter. Using Irwin's idea for introducing a small, but finite
nonlinear zone in the crack tip and making some approximate energy consideration, Nielsen suggests
the following effective crack length:

a ′p =

0.4 K I2
1 K I2
′
l
=
0
.
4
a
=
,
,
eff
p
π ft2
π ft2

where ap' is the length of the fracture process zone of the model, leff is the effective crack length
term, KI is the stress intensity factor and ft is tensile strength the concrete, see figure 16.

The length of the fracture zone ap' is obtained by the well known Irwin's equilibrium conditions,
under the following two simplifying assumtions: (1) the type of (σ−w) relation for the softening curve
is not taken into account; (2) in considering an elastic-brittle material, the real distribution of the
cohesive stresses is presented as rectangular along a part ap' of the actual fracture zone ap. As for the
effective crack length term leff , an assumption is made to take into account the work of cohesive
stresses by using a simplified crack opening displacements formula, according to LEFM.
Now, having the effective crack length term leff , obtained by this extremely simplified analysis,
Nielsen suggests to consider the energy available on the basis of an effective crack length aeff=a+ leff ,
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instead of the real crack length a. Having in mind that for the possible crack growth the increment

∆leff is a positive function of both crack length and displacement u, we get the following final

equation:

∂W
da
∂a
=
du
∂W
2G F b −
∂a
−

∂leff
∂u
∂l

 1 + eff

∂a







.

Present equation is the Energy Balance Crack Propagation formula for a displacement controlled
system. In fact, that is a first order differential equation with respect to the crack length function a,
where the derivative ∂W/∂a is taken at a+ leff. It is impossible to solve the differential equation
analytically,so we explore the fourth order Runge Kutta method. It is very important to note, that the
crack propagation formula takes into account the nonlinear behaviour near the crack tip.
As a first illustration of the potential of the theoretical model, we do a numerical simulation on a
three point bending concrete beam. The input data is given in the Table 1. A vertical displacement at
the middle of the beam (0 ÷ 2 mm) is imposed to
Table 1

2

2

E = 42210 N/mm ; ν = 0,2; GF = 0,0957 N/mm; ft = 6,86 N/mm ; L=8D; D = 100 mm; ao = 50 mm
Point

u [mm]

F [N]

a + ∆a [mm]

leff = 0,4 a ′p [mm]

a ′p [mm]

aeff=a + ∆a + a ′p [mm]

A
B
C

0.08
0.15
0.19

1066.85
1572.95
1349.97

50.146
52.280
57.285

1.746
6.0816
9.3906

4.3646
15.203
23.476

54.510
67.482
80.761

Simulate the behaviour of the displacement controlled system. The main purpose of this
numerical test is to show and estimate the continuous change of few important geometrical
parameters for the three "state" points A, B and C. That is why only the middle part of the beam is
shown in Figure 17 (a) and the parameters plotted in a real scale are as follows: areal=acur+∆a, (fourth
column); leff = 0,4a'p (fifth column); a'p (sixth column) and aeff=a + ∆a + a'p , (last column). The forcedisplacement relationship is presented in Figure 17 (b) and the state points A, B and C which are
character point of the beam behavior.
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We conclude therefore, that the theoretical model have the potential to describe the entire
pre-critical nonlinear zone and part of the post-critical branch (strain softening zone).
Size effect
It was pointed out by Petersson [5], that the application of LEFM to concrete is closely
related to the dimensions of the structure into consideration. He has shown that, when the structural
size increases, the material becomes more and more “brittle”, i.e. the final collapse can only be
described by means of fracture mechanics. As the structural size decreases, the final collapse mode is
approaching “plastic” type and can be described by some of the plasticity models. That fact was the
reason for the unsuccessful early applications of LEFM to concrete. This dependency is called size
effect and is very well described in the book of Bazant and Planas [2]. Of course, there is an
intermediate case of the structural sizes where the material behaviour is considered as “quasibrittle”. The theory of fracture mechanics, applicable to quasi-brittle materials has taken a definite
form in the last decade. The size of the concrete element (in most cases we use the height of the
beam D, as a characteristic size) is closely related to its behaviour and the mode of fracture, see
figure 18 and figure15, where three typical failure modes are shown, depending on the size of the
concrete beam.

Using Hilleborg’s model one may simulates the behavior of beams of each size but only about
the first mode fracture. Also the peak load is predicted successfully. Therefore the Nielsen’s crack
propagation formula may do the same with very good accuracy for first mode of fracture and
different sizes of structure and quite good for the mixed mode fracture – the shear crack problem of
different sizes.
Next point we will paid attention of the numerical modeling of crack propagation.

Numerical modeling of crack propagation
We will present two different methods for numerical modeling of crack propagation which
are used to control and calibrate results before to compare with numerical results.
First will be present in brief boundary element method (BEM).
1. The BEM applied to crack problems using multi-domain formulation approach
The boundary element method (BEM) is already well established and powerful numerical
technique, which is a good alternative of the finite element method. Its main advantages are the
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higher accuracy of the solution and the fact that the discretization is only on the boundary of the
investigated body. Therefore, the number of the unknowns is very small compared with FEM.
Consider a two dimensional domain Ω including a crack, under plane stress condition. It is
subjected to distributed load b in the domain and concentrated forces F1, F2,.. Fn on its boundary Γ ,
see Figure 19 (a). The plane body has an arbitrary shape of the contour and contains an initial crack
of length a plus an opening with contour Γ1. There are some supporting links on the boundary or it
could be continuously supported. Part of the boundary can be subjected to external tractions.

Without going into details, using tensor notation for simplicity and disregarding the effect of
the concentrated forces for clarity of the equation, we write the following boundary integral
equation:
cij (ξ )u j (ξ ) + pij* (ξ , x )u j (x )dΓ(x ) = u ij* (ξ , x ) p j (x )dΓ(x ) + u ij* (ξ , x )b j (x )dΩ( x )

∫

∫

Γ

∫

Γ

Ω

where i, j =1,2 ; ξ and x are the observation and source points, respectively; uj(ξ) is the
displacement at ξ; Γ represents the boundary of the body and includes the boundary of the opening
Γ1; Ω represents the domain of the body; bj(x) is the intensity of the body forces at x; uj (x) is the
displacement at x; pj (x) is the traction at x; and the function:
δ ij , ξ ∈ Ω,

cij (ξ ) =  1
 δ ij , ξ ∈ Γ− for smooth boundarty nodes .
2

The Kelvin fundamental solutions uij* (ξ , x) and pij* (ξ , x) are given by:
u ij* =



1
1
(3 − 4ν ) ln δ ij + r,i r, j ,

8π (1 − ν )G 
r


p ij* =

−1
∂r


− (1 − 2ν )(r,i n j − r, j ni ),
 (1 − 2ν )δ ij + 2 r,i r, j
4π (1 − ν )r 
∂n


[

]
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where ν is the Poisson's ratio; G is the shear modulus; r is the distance between the point ξ and the
point x; nj is the direction cosines of the outward normal to the boundary; δij is the Kronecker
delta symbol.
In order to solve numerically the integral equation, we make discretization on the boundary
(including Γ1) dividing it to n linear segment and introducing four boundary discrete values - two
displacements and two tractions at each boundary node, see Figure 19 (b). Two of them are known
and two unknown, so they should be obtained from the numerical solution. If a loading in the
domain Ω b is given, a discretization in the domain is also needed using two dimensional elements
but with no new unknowns introduced. Note, that in order to consider properly the stresses around
the crack tip we divide the body Ω into two sub-regions Ω1 and Ω2. We choose appropriate shape
functions for representing the boundary displacements and tractions. In order to obtain convergence
in the solution the minimum order of approximation is linear for this type of problems, so linear
boundary shape functions are used for representing the displacement and traction functions within
the linear type boundary elements, see Figure 20.

In local coordinate ξ (-1 to 1 variation within the element) we make the following approximation
for the vectors of boundary displacement and traction functions ue, pe:
ue(ξ)=Ne(ξ)ue, pe(ξ)=Ne(ξ)pe
where ue=(ux uy)T is the vector of displacement functions for the element, pe=(px py)T is the vector of
traction functions for the element, ue=(u1x u1y u2x u2y)T is the vector of discrete values of
displacements of local points 1 and 2 for the element, pe=(p1x p1y p2x p2y)T is the vector of discrete
values of tractions of local points 1 and 2 for the element, Ne(ξ) is matrix of shape functions for
compatible element.
Dealing with corner points of the plane body is one of the most laborious problem to be
resolved in BEM. We use so called "incompatible" left and right linear boundary elements, developed
by the author, are introduced, see figure 20. The corner point is not treated directly, but the nodal
point of the element is moved to a small distance a (in our case we take a= 1/3), therefore it is not
necessary to satisfy the integral equation at the corner point, because sometimes the boundary
conditions are different at both sides of the corner. The matrix of shape functions Ne(ξ) for a left
incompatible element is:

17

N e (ξ ) =

1 3(1 − ξ ) 0 (3ξ + 2 ) 0 
,
5  0 3(1 − ξ ) 0 (3ξ + 2 )

and for the right incompatible element we have:
N e (ξ ) =

1 (2 − 3ξ ) 0 3(1 + ξ ) 0 
.
5  0 (2 − 3ξ ) 0 3(1 + ξ )

It is well known that the calculation of the stress intensity factors (SIF) of the LEFM requires very
accurate results for the displacement and stress fields around the crack tip. On the other hand the
stresses at the crack tip are singular, which makes the task very complex. We use the so-called
"singular" displacement boundary elements, derived for first time in reference [11], which put at the
crack tip, will lead to considerable improvement of the numerical results for a relatively coarse mesh.
The corresponding displacement shape functions are of such a type, that the first derivative with
respect to local coordinate ξ has singularity of order O(r−1/2), which is in accordance with the required
stress singularity:
Left incompatible singular boundary element:

  1 + ξ  λ 
 1 + ξ  λ  a  λ 

 1 − 
0
0

 −  
 

   2  
1
 2   2  
e
N (ξ ) =

λ 
 1 + ξ  λ  a  λ  
  1 + ξ λ 
a 
1−  
0
0

1 − 
 −   
 
2 
 2   2   
  2  


Right incompatible singular boundary element:

After the boundary conditions are satisfied, we obtain and solve the final system of linear
algebraic equation and get the numerical set of boundary displacements and tractions. Once we have
the boundary data available, we go further and obtain the displacements and stresses at a given
point from the domain Ω .
Example: To illustrate this theory we present three point beam including initial crack and some
openings.
25
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25
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75

200

400 mm

100

100

400

Beam and Fracture data
:
E = 30000 N/mm2; ν = 0,2; ft = 3,3 N/mm2; GF = 0,1 N/mm; b =50 mm
Figure 21 A three-point beam loaded symmetrically having an initial crack of length a0 =0,25D
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Next tree figures shows the boundary element mesh, Solution control window and comparison
of the force-displacement diagram.

a)

b)
Figure 22 a) The BE mesh and the deformed shape of the beam as displayed in BEPLANE
b) The BEPLANE on-line "monitor process" window
Force
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E = 30000; G f = 0.1; ft = 3.3; ν = 0.2; b = 50 mm
1061.27
1014.987

800
600

BEPLANE
ANSYS

400
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Displacement

0
0
0.05
0.1
0.15
0.2
0.25
0.3
Figure 23 Force-displacement curves from present method and ANSYS cohesive approach
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Finite element method for modeling of the cohesive crack approach
The cracking of the concrete is highly localized phenomenon, for which two different
approaches are available: the discrete and smeared crack approaches. The discrete crack approach is
attractive from a physical point of view as it reflects the localized nature of the cracking, so, the
entire fracture process zone is lumped into the crack line. Here we will present the numerical
modeling of discrete crack modeling using the FEM program ANSYS.
Stress and deformation fields around the crack tip generally have high gradients. The precise
nature of these fields depends on the material, geometry, and other factors. To capture the rapidly
varying stress and deformation fields, use a refined mesh in the region around the crack tip. For
linear elastic problems, the displacements near the crack tip (or crack front) vary as 1/r, where r is
the distance from the crack tip. The stresses and strains are singular at the crack tip, varying as √1/r.
To produce this singularity in stresses and strains, the crack tip mesh should have certain
characteristics [12]:
•
•

The crack faces should be coincident.
The elements around the crack tip (or crack front) should be quadratic, with the midside
nodes placed at the quarter points. (Such elements are called singular elements.)
a)

b)

crack tip

v

η

y

ξ
2
1

3

3

2

θ
1

u

stress free face of the crack
x

Global coord. system
c)
Figure 24 Singular finite element on ANSYS

The main characteristic of this element is the fact that the midlle node of the element is
translated on one quarter of the element side. This transformation changes the shape function to
model the singularity at the crack tip. Better stress field modeling will give more accurate results
about the stress intensity factors. Using finite element implementations the SIF coefficients may be
calculated using displacement at points near crack tip. The expressions for SIF are given below:
For mode I:

 θ

 cos 2 ( κ + cos θ ) 
2π  4u2 − u3 − 3u1 
KI 
 = 2G

 ,
l  4v2 − v3 − 3v1 
sin θ ( κ − cos θ ) 


 2
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and for mode II:

 θ


sin 2 ( 2 + κ + cos θ ) 
2π  4u2 − u3 − 3u1
K II 
 = 2G

l  4v − v − 3v
 cos θ ( 2 − κ − cos θ ) 
1
 2 3
2



(
(

) 

) 

,

To show usage of these elements for obtaining SIF we are presenting a standard example for
which the target result is known from the literature [3]. The plane stress plate is subjected to a constant
normal stress on its edges and has two axis of symmetry. Because of the symmetry only one quarter of

the plate will be modeled.
The finite element mesh and the stress distribution around the crack tip are shown below:

Figure 25: Symmetrical plate under plane stress.
Figure 26: Singular element mesh near crack tip.
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Figure 27: Stress concentration near crack tip.

The result for SIF obtained on base of the ASYS solution is:

 CALCULATE MIXED-MODE STRESS INTENSITY FACTORS
 KI = 394.50, KII = 0.00000, KIII = 0.00000
As one may see the present FEM solution and the singular elements of the ANSYS program
gives good agreement for the stress intensity factors. These elements will be used for our further
investigations.
Next we will present in brief the shear crack problem on reinforced concrete beams.
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PART 2
The shear crack problem
Until now we discussed generally the problem of the first mode fracture on plane and
reinforced concrete beam. We also mentioned the mixed mode fracture and the criteria of LEFM for
start of crack propagation and crack propagation direction. We have shown different techniques to
model the work of quasi-brittle materials as concrete and also different numerical methods for
modeling fracture mechanics problem.
Next complicated question is about shear crack on plain and reinforced concrete. There
are a lot of additional questions connected by this problem. Such questions are:

1. Where and when will appear the first crack?
2. Where and when will appear next cracks?
3. The main problem is: Which one of all these cracks will be critical for the
beam? Actually, what will be the position of the critical crack?
4. What will be the crack propagation path?
5. What will be the influence of the reinforcement to the shear crack path?
6. How the size effect will reflect to each one of the mentioned problems?
7. What will be the cracking load and the ultimate load for the critical crack
path of the reinforced beam?
These are the essential question for the problem of the shear cracks of the reinforced
concrete beams and we will try to answer them.
The first end the second questions are easy and one may answer them. If consider a
simple beam subjected to two symmetrically pointed forces on the middle part of the beam the
bending moment will have its great value. As a result the tensile stress will reach its ultimate value –
the tensile strength of the concrete. This fact will cause opening of cracks in the middle part of the
beam.

Figure 29: Cracks on symmetrically loaded RC beam.

Therefore for beams subjected to such a load these cracks are not critical, because the
moment in the middle span has a constant value. In same time the shear force is bigger and critical
for the reinforced concrete beam. That is why we should concentrate to the next question – the
critical crack position.
From experiments, it is a well-known fact that the shear crack path depends on the size of
the beam and on the shear span ratio. The critical shear crack can be an almost straight line, a curved
line, or in some cases beams have collapsed without forming a critical shear crack. On the figure 30
are presented the experimental results made by Leonhardt and alt. [13].
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Figure 30: Experimental results for crack propagation on RC beams.

In most cases, as one may see on figure 30, the beams collapse by forming a shear crack.
The position of the critical shear crack is also different and dependent on many parameters. We will
predict the position of the critical crack using the following Jin-Ping Zhang equation, see [14]:

a− x
1+ 

2

a−x
h 
a− x

*
,
1+ 
= ft
 −
a L0
h 
 h 
+

h 2h
2


f c* 



Here f c* is the effective compressive strength of concrete, f t * is the effective tensile strength, L0, h
and a are beam dimensions and can be seen in Figure 31.

h

L0

initial crack
x

a

L /2
Figure 31: Position of the critical shear crack.
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This formula is based on the theory of plasticity for non-shear reinforced beams. This
particular theory of plasticity is called the crack sliding theory. The Jin-Ping Zhang formula is a
condition for the equality of cracking load and load-carrying capacity (see Figure 32).
Load

Load carrying
capacity

Cracking load
X

Figure 32: Condition for initiation of critical shear crack
The cracking load is the load needed for formation of an arbitrary shear crack and the load
carrying capacity is the load needed for sliding failure through the crack. When these loads are equal
failure takes place. Using this technique we predict the position of the critical crack or we have
answer of the third question.
Follows one of the the main question for the present work. The prediction of the critical path
direction.

Critical crack path
If we do a comparison with experiments will see that the crack path of both the critical
and the secondary cracks follow of the orientation of the principal stresses of the beam without
cracks. The following figure 33 shows the principal stresses in a typical beam and the experimental
crack curves. The experimental results are taken from [13].

Beam5

Figure 33: Principal stress direction

For this reason we follow well-known method of linear elastic fracture mechanics (LEFM),
shown above, using the principal stress criterion to determine the crack orientation of the critical
shear crack. This criterion is:

25

K I cos 2
K I cos

θc
2

3 θc

2

sin

θc
2

+ K II cos

− 3K II cos

2

θc
2

θc 

2 θ
2 θ 
 cos c − 2 sin c  = 0 ,
2 
2
2 

sin

θc
2
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= K Ic ,

Here KI and KII are stress intensity factors for mode I and II, respectively, θc is the angle
between new and present crack direction, KIc is the critical stress intensity factors for mode I, which is
assumed to be a material constant.
Before to continue we will present in brief the technical procedure used for further simulations.

APDL procedure
APDL stands for ANSYS Parametric Design Language, a scripting language that one can use to
automate common tasks or even build its model in terms of parameters (variables). While all ANSYS
commands can be used as part of the scripting language, the APDL commands are the true scripting
commands and encompass a wide range of other features such as repeating a command, macros, ifthen-else branching, do-loops, and scalar, vector and matrix operations. While APDL is the
foundation for sophisticated features such as design optimization and adaptive meshing, it also offers
many conveniences that one can use in analyses [12].
In present work we use widely this future for obtaining and saving the strain energy for
example of a body with different size of the crack length or more then this to calculate the crack
path. In such a program we need to change the shape of the model, to remesh it, to change load
many times and to solve beam until succeed the final result. This future of the ANSYS program is very
powerful and gives as possibility to do our own program in ANSYS. We use the possibilities of the
ANSYS program as the incorporated finite elements as mesh modules, element models and so on and
in same time we have a possibility to do our researches. An example of such a program is present
below only to show how the ANSYS commands and if-then-else statements are used to develop a
program on ANSYS:
ALLSEL,ALL
Xcrack=ARG1
Ycrack=ARG2
/STATUS,SOLU
SOLVE
FINISH
/POST1
Pi=4.D00*Atan(1.D00)
Pi2=Pi/2
TITAC=Pi2
*DO,n,1,1
FINISH
/POST1
CSYS,0
ansSIF,Xcrack,Ycrack,0,0,0, , , , , , , , , , , , , ,
CSYS,0
Load,0,0,0,0,0, , , , , , , , , , , , , ,
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a=abs(Kcr/load)
Fmax=-KIc/a
*DO,i,1,10
FINISH
/POST1
Pi=4.D00*Atan(1.D00)
Pi2=Pi/2
TitaW=TitaC*180/Pi
ansSIF,Xcrack,Ycrack,0,0,0, , , , , , , , , , , , , ,
ERR=(KIc-Kcr)/KIc*100
*IF,ERR,GE,0.1,THEN
CSYS,0
Lchange,0,0,0,0,0, , , , , , , , , , , , , ,
*ELSE
*ENDDO
*ENDIF
*ENDDO
FINISH
/POST1
PLDISP,0
TitaC=TitaC2*2
TitaW=TitaC*180/Pi
CSYS,0
/PREP7
ChangeP1S,Xcrack,Ycrack,TitaW,0,0, , , , , , , , , , , , , ,
Xcrack=Xnew
Ycrack=Ynew
SAVE,'L20_1_1','db','D:\Users\Irina\Documents\gent\ANSYS\'
FINISH
/POST1
CSYS,0
*ENDDO
This technique is incorporated in ANSYS program using ANSYS Parametric Design Language as
an additional program. As we already mentioned using the singular finite element ANSYS may
calculate the stress intensity factors. But ANSYS cannot do calculation critical path direction. That is
why we wrote this program. The scheme of the program is present on figure 34.
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Start
Load has a little value.
lc =lo

Calculation of
KI and KII

Changing load until
K(KI, KII) = KIc

Determine critical crack angle:

θ = θc

Increase crack length on the
calculated direction.

Increase crack length on the
calculated direction.

Change the crack tip point.
Remesh the model.
Change the load to be small.
Figure 34: Crack path calculation
This procedure cannot predict the critical load for the reinforced beam. Only the crack path is
predicted. We should answer to the question if the simple criteria of the linear fracture mechanics
may predict accurately the critical crack path for the reinforced beams.
First to control results obtained by the FEM solution using the principal stress (SIF) criteria we
will use the other technique for crack direction – the Energy release rate criterion. Moreover we will
use the boundary element method which was explained above. This will be made only for plane
concrete beams using the BEM program BEPLANE made from the author.
The BEM solution allows obtaining very accurate numerical solutions using small number of
boundary elements. The calculation of stress intensity factor (SIF) requires very accurate results for
the displacements and stresses at points near the crack tip. Accordingly, one has to use a refined BE
mesh at the vicinity of the crack tip, thus losing the big advantage of BEM over the FEM. That is why
we use another approach to obtain new crack direction. We perform two static solutions using the
sub-domain techniques described above. The elastic strain energy is calculated in two positions of
the crack tip and the strain energy release rate G appears to be:
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G=

U 2 − U1
∆a

where U1 is the strain energy calculated for the first position of the crack tip, U2 is the strain energy
calculated for the second position of the crack tip and Δa is the incremental distance between the
two crack tip positions, presuming a unit thickness of the body, see figure 35.
crack path
a
crack growth
direction

a0

crack path
direction

a0

initial crack

initial crack

Figure 35: Determination of the energy release rate

Using this technique we may obtain the energy release rate for mixed mode fracture and
after that to calculate the crack propagation path using LEFM criteria, explained above:

G ( K I ; K II )θ =θc = maximum
G ( K I ; K II ) = G f
The described methodology, boundary elements (including the singular one) and equations,
were implemented in the BE software program BEPLANE. The procedure for calculation of crack path
propagation is presented on figure36:

predicted crack
growth direction

а
а0

θ

calculated crack
growth direction

2) Changing external
load until reach the
condition:
 Gmax = Gf

initial crack

θ = θc
а0


 calculation of G.
For G = Gmax

initial crack

θс
а0

1) Changing θ

3) Check of Gmax and θ for
the reached load value.
If it is necessary we
repeat the procedure.

initial crack

Figure 36: Procedure for obtaining crack growth path using energy release rate.
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Next example show the result for the crack growth path calculated for a plane concrete beam
shown on figure 37. Results are obtained independently by FEM solution and SIF criteria of the LEFM
and BEM solution and energy release rate criteria of the LEFM.
810
Beam data:
E = 20000 MPa
fc = 32,5 MPa
B =190 mm

32
initial crack
125

965

Figure 37: Plane concrete beam including initial crack

The result obtained by BEM solution and energy release rate criteria is present on figure 38
and these obtained by FEM solution and SIF criteria is present on figure 39:

Figure 38: Crack growth path obtained by BEM
solution and energy release rate criteria.
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Figure 39: Crack path obtained by FEM solution and SIF criteria.
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As one can see from present results the crack pats are equivalent taking into account the fact
that we use different numerical methods and different LEFM criteria. As conclusion we may say that
present numerical methods and criteria are able to predict the crack path for the plane concrete.
Other interesting result we may mention is the shape of the crack path. One may expect the
crack path to be more inclined trying to reach the load point as for the experimental result sown on
figure 33. The reason of this fact is that the present beam is plane concrete beam. Following this logic
we reach next major question (the fifth one) – what is the influence of the steel ratio to the shear
crack path.

Influence of the steel ratio to the shear crack path

300

Present result obtained for the plane beam is not so strange taking into account fact that
there is no any steel bar. So, the concrete is brittle and the crack path almost corresponds to a first
mode fracture. To check the result we will compare with experimental data, taken from [15].
Experimental beam data and geometry are shown of figure 40. This beam has an initial crack to
exclude variation of the crack initiation position. On figure 40 is present only half of the beam.

initial crack
100
150

375

Beam data:
E = 28300MPa
ft = 3,8 MPa
B = 50 mm
Gf = 43,4 N/m

600

Figure 40: Plane concrete beam including initial crack

For this beam has been done FEM solution and SIF criteria has used in self-made program at
ANSYS. The comparison of the crack path result of the numerical solution and experimental data is
presented on figure 41:

Figure 41: Calculated and experimental crack path
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The numerical solution has good agreement with the experimental data. Reason of the little
difference appeared may be caused by the aggregate structure of the concrete. At the numerical
solution we have used a linear elastic isotropic material.
As a conclusion we may say that the result has enough agreement with experiment and the
present technique may predict crack growth path. In addition we confirm the fact that in plane
concrete crack path is almost straight vertical line.
810
Beam data:
съществуващи
пукнатини

320
начална
125

365

E = 20000 MPa
fc = 32,5 MPa
B =190 mm

765
965

Фигура 42: Reinforce concrete beam with initial crack.

Now we will use the present technic for reinforced concrete as change the steel ratio from
very small value to extremely big one. For numerical simulations the finite element program ANSYS is
used. First we determine the position of the critical shear crack. The critical shear crack position in
the bottom face is calculated using the Jin-Ping Zhang equation. The longitudinal reinforcement is
linear elastic and modeled with a spring finite element. To obtain more realistic modeling of the
cracked beam some other prescribed cracks have been added to the beam. Figure 42 shows the
model of the beam. Further the material properties have been indicated.
The reinforcement ratio has a great influence on the crack growth. If the beam is without any
reinforcement, the crack grows along an almost vertical line like a bending crack. With increasing
reinforcement ratio the crack path becomes more and more curved. In figures 43 to 47 some cases
are shown. The first one (figure 43) is with light reinforcement and the last one a limit state - ρ = ∞.

Figure 43: As = 50 mm2; µ = 0,08%
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Figure 44: As = 150 mm2; µ = 0,25%

Figure 45: As = 432 mm2; µ = 0,71%; 2N12
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Figure 46: As = 982 mm2; µ = 1,62%; 2N25

Figure 47: As = 1000 mm2; µ = ∞

The expected result for the crack path was confirmed. As one may see for steel ratio from
0,5% to 2 % where the normal range is, the critical shear crack path changes significantly and one
should take care about it. Also some important fact is the angle of inclination. Its values according
Eurocode vary from 22 to 45 degrees. In present results starting angle is around 60° - 70° for small
values of the steel ratio and doesn’t change a lot. When steel ratio is bigger then 0,71% the angle of
inclination changes from 70° to 15° degrees. The results for the angle of inclination for the different
steps are given on the next table.
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As
2
[mm ]
step
0
1
2
3
4
5
6
7
8
9
10
11
12
13
14
15
16
17
18
19
20
21
22
23

50

150

72,8702
66,8307
45,8139
48,5791
41,908
60,7669
58,0229
42,5466
39,26
33,28404
22,622
18,8741
17,7233
16,1379
4,3121
7,36039
38,68145

84
54,303
42,166
38,065
37,86
37,384
23,208
31,329
25,8585
0,537
33,314
19,7155
15,928
10,6186
13,4897

2N12

2N25

432

982

1000

73,47
49,6435
50,136
44,4447
40,513
27,11
22,952
25,847
8,8095
8,7463
4,604
4,0502
11,1851
10,9814
11,9624
54,3861
47,024
26,824
1,4205
32,212

72,4018
56,2109
61,03
42,143
47,149
30,4024
36,8756
14,4533
22,1795
0,1553
11,309
17,8111
8,0826
4,7622
9,75177
56,0402
28,3385
20,0689
19,2093
5,365
18,1237
3,6987
0,7684
2,80919

angle
74,9435
52,2145
49,1146
48,351
34,303
39,486
28,2266
11,475
19,3465
1,4761
10,7183
7,4748
28,3691
18,5614
16,2143
41,7476
16,7173
44,7182
19,8757

Therefore the secant angles for all cases vary from 50 to 30 degree so numerical results are
with agreement with the Eurocode recommendation.
For next control of the results we will compare the crack path obtained for steel ratio 1,62%
(2N25) with an experimental data of the Beam 5 of Leonhart’s beams from figure 30. The result is
shown on figure 47:

Figure 48: Calculated and experimental crack path.

The differences on the calculated and experimental crack paths have some reasons. First one
is fact of the crack initiation position. For the numerical simulation we have calculated the initial
crack position but on the real experiment the critical shear crack position is different. Moreover on
the real experiment one may see the sliding crack parallel to the reinforcement and next rising of the
crack. This phenomenon is not covered on the numerical simulation. In addition the prescribed
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cracks position are differ from the experiment and probably they also have influence on the crack
path. Other reason for the difference as we already mentioned is numerical modeling of the material
as a homogenous material.
As a next step we will calculate the critical shear crack path for other size beam. This will be
the Beam 8 of Leonhart’s beams (see figure 30). The aim of this numerical modeling is to confirm
again the result for the calculated critical crack path beam size. As we have already mentioned for
concrete beam behavior size is important – size effect. We do a numerical modeling of this beam
only for present on [13] steel ratio (2N25). On the next figures are shown the geometry data (figure
49) and the comparison of the critical shear crack path (figure 50).
1520

initial crack

300

860

1475

prescribed cracks

32

1200

1750
5
Beam data: E = 20000 MPa; fc = 37,3 MPa; B =190 mm; As = 1062 mm2
Figure 49: Reinforced concrete beam including initial shear crack.

Figure 50: Calculated and experimental crack path.
Results for this beam has good agreement with the experimental data and again the
differences may be explained as for the previous beam. As a conclusion we may say that present
technique for calculation of the shear crack path may be used successfully for different sizes of
beams – comprehend the size effect phenomenon.

Prediction of the ultimate load
Finally as we have the critical shear crack position and critical crack path we may use this
result and to use other technique to obtain the ultimate load of the beam. The Hillerborg’s
fictitious crack model doesn’t give results when we talk for shear cracks. For this reason we will
use Nielsen’s crack growth formula.
For numerical simulations of the above present theory the finite element program ANSYS is
used. First we determine the position of the critical shear crack and the crack path along the beam
depth. For this research we will use the beam from figure 42 and the crack path from the
figure 42.
The next step is calculation of the crack growth along the crack whose starting position has
been determined. The finite element program APDL (ANSYS Parameter Design Language)
programming language of the finite element package ANSYS has been used. As a result calculates
elastic strain energy for different crack lengths. We use the results from the ANSYS program for
simple program in Visual Basic for Applications in Excel (figure 28).
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VBA Procedure
This is the well-known Visual basic excel application to write a macros using Excel interface
and finally to reach the necessary results. Such a program has been made to calculate Nielsen’s crack
growth formulae for some cases. The advantage of this program is that we obtain the results very
fast and the disadvantage is that we need some initial data as for example the strain energy of the
investigated body. An example of such a program is present below.

Figure 28: VBA procedure for fracture mechanics problem.

This program uses the database for the energy of the beam for different critical shear crack
lengths found from a series of finite element solutions. The program calculates all needed for the
Crack Growth Formula (CGF) and finally solve crack growth equation by the Runge-Kutta
technique.
In the experimental data in [13], no information is given for concrete fracture energy. The
fracture energy has been taken as GF = 0.0957 N/mm, a typical value.
Result for beam 5 with initial crack length 41 mm are shown in the figures 51. The result is
particularly interesting because after some crack growth the denominator in crack growth
equation becomes zero, which means that da/du = ∞.Putting the denominator equal to zero is
equivalent to the Griffith criterion for unstable crack growth. In regions where the denominator is
zero the crack growth is treated as a pure Griffith problem indicated by a dotted line on the
figure 51.
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Figure 51: Force – displacement curve for beam5.

Conclusion:
 Present numerical procedure may be used to predict critical path trajectory for different
steel ratios of the longitudinal reinforcement of RC beams and different beam sizes.
 Present results have good agreement with experimental results and respectively with
Eurocod’s recommendations.
 More calculations are necessary for beams with other shear span ratios, reinforcement ratios
etc.
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